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Preface

Physics is a complex subject. Students meet many concepts and
phenomena; mass and energy, electric charge and magnetism,
light and heat, atoms and molecules, stars and galaxies, to
name just a few. Much time and effort is devoted to learning
experimental methods and new mathematical techniques.
There is often little opportunity to stand back and take an over-
all view.

As the overall picture begins to unfold and the various parts
of the jigsaw come together, a deeper understanding develops.
Apparently unrelated phenomena are seen to be different
aspects of the same thing. It emerges that the many laws and
formulae are derived from a small number of basic fundamental
principles. The steps are logical and comprehensible, but often
very subtle, and it is in following these steps that we discover
the beauty and fascination of the subject.

As is implied by the title, the book focuses on light, or more
generally, electromagnetic radiation. Many of the properties of
light derive from the most fundamental principles and laws of
physics. Fermat’s principle of least time leads to the laws of
reflection and refraction. Maxwell’s logic leads to the propaga-
tion of electromagnetic radiation. Einstein derived his equation
E = mc? by a logical path from the hypothesis of symmetry of
empty space and the constancy of the speed of light in vacuum.
Planck’s discovery of light quanta leads to the apparent para-
doxes of quantum mechanics! Nature, it would seem, is at the
same time both comprehensible and incomprehensible.

vil
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The book is written in textbook style, at a level somewhere
between the rigorous and the popular. We feel that it is suitable
as background reading for third level students and may also be
enjoyed by readers who have an interest in science and are com-
fortable with basic mathematics. Wherever possible, mathemat-
ical derivations are given in appendices rather than inserted
into the main body of the text. These appendices may be
consulted by readers who wish to delve more deeply into the
subject.

Many of the topics in the book formed part of a number of
series of science slots on Irish National radio (RTE1). Each
series consisted of about 20 ten-minute slots on a common
theme under titles such as ‘From Greeks to Quarks’, ‘Forces at
Work’, The Mind Laboratory’, ‘Portraits in Physics’, ‘Street
Science’ and ‘Letters from the Past’. These programs continued
over a period of almost 10 years attests to the fact that there
were people out there listening!

To put the physics into a historical context and to show the
human side of some of the ‘main players’ in the story, most chap-
ters conclude with a biographical sketch. These sketches are, in
the main, anecdotal and light hearted.

Chapter 1 Introducing Light. We give a historical synopsis
of the perception of light through the ages, and the discovery of
some extraordinary properties in the last two centuries.
Sometimes light behaves as a wave, and sometimes as a stream
of particles. When Max Planck, Niels Bohr and others looked
more deeply into the puzzle, they opened a Pandora’s box full of
secrets of Nature.

Chapter 2 Geometrical Optics — Reflection. The path taken
by light is always the one which takes the shortest time. This
law (Fermat’ principle), is applied to the change of direction of
light when it is reflected. Historical figure: Pierre de Fermat.
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Chapter 3 Geometrical Optics — Refraction. When light
comes to the boundary between two media it has two choices; it
can be reflected at the boundary or transmitted into the second
medium. Fermat’s law still applies, but such ‘freedom of choice’
gives a hint of non-predictability in the laws of Nature. We look
at practical applications of refraction in lenses and treat the
human eye as an optical instrument.

Chapter 4 Light from Afar — Astronomy. Starlight reaches
us after a long, journey across the universe. The ancient
astronomers showed remarkable ingenuity in their deductions
on the size and distance from the earth of the moon and sun.
Equally impressive were the measurements and calculations
made in the Middle Ages, considering that they were carried out
by observers on the earth which is both rotating and in orbital
motion. Historical figure: Galileo Galilei.

Chapter 5 Light from the Past — Astrophysics. The laws of
physics that apply on earth are seen to apply throughout the
universe and do not appear to have changed with time. We can
retrace the steps back to the birth of the universe. Historical
figure: Isaac Newton.

Chapter 6 Introducing Waves. We look at the characteris-
tics of waves in general. Historical figure: Jean Baptiste
Fourier.

Chapter 7 Sound Waves. To most of us, the properties of
sound are more familiar than those of light. Sound can be
reflected, can bend around corners, can interfere constructively,
and can resonate. This chapter draws on the wealth of human
experience with sound to highlight the properties of waves.
Historical Interlude — The ‘Sound Barrier’.

Chapter 8 Light as a Wave. Armed with the knowledge
of what we can expect from a wave we examine the wave
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properties of light, a very special wave which can exist in empty
space independent of a material medium. Under certain condi-
tions, light + light = darkness! Historical figure: Thomas Young.

Chapter 9 Making Images. From photographs to holograms.

Chapter 10 There was Electricity, There was Magnetism, and
Then There was Light. Electric charges mysteriously attract
and repel one another at a distance. New forces appear when
these charges are in motion. It took the genius of Maxwell to
combine the experimental laws of electromagnetism to predict
the propagation of electromagnetic waves. Historical figure:
James Clerk Maxwell.

Chapter 11 ‘Atoms of Light’ — The Birth of Quantum Theory.
Just when it seems that all is understood, a small problem with
the spectrum of light emitted by hot surfaces turns out to be a
symptom of something big. Max Planck put his head on the
block by suggesting nature is not continuous... Historical figure:
Max Planck.

Chapter 12 The Development of Quantum Mechanics. The
consequences of Planck’s hypothesis are studied from different
angles. Surprisingly completely different mathematical
approaches lead to the same final conclusions. Quantum
mechanics leads to a new philosophy and physics changes
beyond all recognition. Historical figure: Niels Bohr.

Chapter 13 Atoms of Light Acting as Particles. The evi-
dence that light is like a stream of particles is conclusive. These

‘Atoms of Light’ are called photons. Historical figure: Robert A.
Millikan.

Chapter 14 Atoms of Light Behaving as Waves. Nature
seems to be playing a trick. Just when we have accepted photons
as particles, and looked at individual photons one by one, they
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behave not as particles, but as waves! Historical figure: Richard
Feynman.

Chapter 15 Relativity. Part 1: How It Began. We begin
with the hypothesis of symmetry of space and time. Empty
space has no preferred places, there is no universal clock. The
speed of light is the same for everybody. Following logical steps
of Einstein and others, we arrive at the startling result con-
cerning the nature of time, contrary to natural instinct.
Historical figure: Hendrik A. Lorentz.

Chapter 16 Relativity. Part 2: Verifiable Predictions.
Continuing in the logical steps of the previous chapter, we
arrive at a prediction with great practical consequences. Matter
and energy are equivalent and related by the equation E = mc?.
From the hypotheses of symmetry of space and constancy of the
speed of light comes the prediction that matter can be converted
into energy and energy into matter. Historical figure: Albert
Einstein.

Chapter 17 Epilogue. The creation of matter out of energy
revealed a whole new world of fundamental particles, including
the theoretically predicted or ‘heavy atom of light’, the W particle.
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Chapter 1

Introducing Light

Light plays a central role in our lives. It is the universal messen-
ger which enables us to be aware of the objects around us and of
the rest of the universe. Without light we would not receive the life-
giving energy from the sun. Much more than that, light or electro-
magnetic radiation is at the centre of the physical laws. Without it
the universe as we have come to know it would simply not exist!

Visible light forms only a tiny part of the electromagnetic
spectrum. Our eyes are sensitive to a certain range of wave-
lengths of that spectrum, but not to gamma rays, X-rays, radio
waves, and infrared and ultraviolet radiation.

Light travels at a speed which is almost beyond our imagination.
In this chapter we describe the early methods of measuring that
speed. We also discuss the wonderful process of vision, how our eyes
can distinguish colour and our brains can reconstruct an image.

The remainder of this chapter gives a preview of the rest of
the book. The story is an exciting one, full of the unexpected,
teaching us that we must accept Nature as it is, not as we think
it should be.

A major surprise came in the year 1900, when Max Planck
proposed that light can only have certain quantised values of
energy — a precursor of the extraordinary property of the dual-
ity of light. This means that it has apparently contradictory
attributes: sometimes it behaves as a particle, and at other
times it behaves as a wave. This property of light was the first
clue to the very basic quantum laws of Nature, which were
revealed when Niels Bohr and his collaborators probed into the
‘world of the very small’.
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1.1 The perception of light through the ages

Philosophers throughout the ages have struggled to explain
exactly what light is and why it behaves as it does. It was not
always realised that we see luminous objects, such as candles
and the sun, because they emit light and the eye receives that
light. We also see many other objects, such as the moon, trees,
and each other, simply because the light from a luminous object
like the sun is reflected from them. We can gaze into each
other’s eyes not because they are luminous, but because they
reflect light which originally came from the sun and perhaps, on
the way, had been reflected by the moon!

1.1.1 The ancient Greeks

The Greek philosophers from as early as Pythagoras (¢. 582 BC—
c. 497 BC) believed that light came from ‘visible’ things and that
our eyes received the tiny particles of light. The philosopher and
statesman Empedocles (5 century BC), originator of the idea of
four elements — earth, air, fire and water (and two moving
forces, love and strife) — also made a number of assertions
about light. He believed that light came from luminous objects
but that light rays also came out from the eyes. In addition, he
proposed that light travels at a finite speed.

The Greek mathematician Euclid (c. 325 BC—c. 265 BC), per-
haps better known for his works on geometry, is also believed to
have thought that the eyes send out rays of light and that this
gives the sensation of vision. Euclid studied mirrors, and the
law of reflection is stated in a book entitled Catoptrics, thought
to have been written by him in the 3™ century BC.

1.1.2 The Middle Ages

Ibn Al-Haitham (965-1040) did not accept the theory that
objects are seen by rays emanating from the eyes and maintained
that light rays originate at the objects of vision. He studied the
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passage of light through various
media and carried out experi-
ments on the refraction of light as
it crossed the boundary between
two media. He became known as
‘the father of modern optics’ and
was the author of many books —
one of the best-known, Kitab Al-
Manathr, was translated into
Latin in the Middle Ages. It spec-
ulated on the physical nature of
light, described accurately the
various parts of the eye, and was
the first to give a scientific expla-
nation of the process of vision.
This was a monumental work,
based on experiment rather than
dogmatism.

Rene Descartes (1596-1650) considered light as a sort of
pressure transmitted through a mysterious elastic medium
called the ether, which filled all space. The remarkable diversity
of colours was attributed to rotary motions of the ether.

Galileo Galilei (1564-1642) developed the experimental
method and prepared the way for a proper investigation of the
properties of light. The transmission of light had been thought
to be instantaneous but Galileo tried to measure the speed of
light by putting two people on hills separated by about a mile.
One opened a lantern and the other raised his hand when he
saw the light. No time difference was detected, which is not sur-
prising since the time interval, based on the currently accepted
speed of light, would have been about five microseconds. (There
are one million microseconds in one second.)

The law of reflection was known to the ancient Greeks. To
put it simply, it says that light is reflected from a surface at an
angle which is symmetrically opposite to the angle at which it
came in.

Ibn Al-Haitham. Courtesy of The
Pakistan Academy of Science.
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The law of refraction was discovered experimentally in 1621
by the Dutch mathematician Willebrord Snell (1580-1626). It
deals with what happens when light goes from one medium into
another. Snell died in 1626, without publishing his result. The
first mention of it appeared in the Dioptrique by Rene Descartes,
without reference to Snell, but it is generally believed that
Descartes had in fact seen Snell’s unpublished manuscript.

Snell’s Law
sing; & 61 _
i - ar:n, =1
sing, n; 1

water : n, = 1.33

0,

n, and n, are called refractive indices and are properties of
the respective media, while the angles 6, and 6, are as indicated
in the diagram. Note the bending of the light as it travels from
one medium to another.

The laws of reflection and refraction are the basis of the
whole of geometrical optics and form the subject matter of
Chapters 2 and 3. Both these laws can, in turn, be derived from
an even more fundamental law — discovered by the French
mathematician Pierre de Fermat (1601-1665) — formulated as
the principle of least time. (For a biographical note on Fermat
see ‘A Historical Interlude’ at the end of the next chapter.)

1.2 Colours
1.2.1 The visible spectrum

In 1666, Isaac Newton showed that white light is made up of a
continuous spectrum of colours, from red to orange, yellow,
green and finally to blue, indigo and violet. He passed a beam
of sunlight through a prism, and saw it fan out into its con-
stituent colours. By putting a piece of paper on the far side of
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Figure 1.1 Newton’s experiment with prisms.
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the prism, he was able to look at ‘individual’ colours. He was
able to recreate white light by bringing the colours together
again using a second prism.

Figure 1.1 is a schematic representation, in that one would
not normally see the spectral colours by looking at the beam
from the side. In addition, principally owing to the finite width
of the incoming beam, it is not possible to recombine the colours
completely. In practice the final image is white in the centre
with a combination of colours on each side.

1.3 Measuring the speed of light
1.3.1 The astronomical method

In 1676, the Danish mathematician Olaus Romer (1644-1710)
found that eclipses of Jupiter’s moons do not occur at the times
predicted by Newtonian mechanics. They are about 11 minutes
too early when Jupiter is closest to the earth and about 11 min-
utes too late when it is furthest away. Romer concluded that the
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Figure 1.2 Jupiter’s moons. The light message takes longer when Jupiter is

further away.

discrepancy occurs because light takes longer to travel the larger
distance (as indicated in Figure 1.2), and on the basis of the
measured time difference of about 22 minutes, he calculated the
speed of light to be 2.14 x 108 ms™. Although not a particularly
good estimate in modern times, this value is certainly of the right
order of magnitude and a remarkable achievement at the time.

1.3.2 Terrestrial measurement

In 1849, the French physicist Hyppolyte
Fizeau (1819-1896) made the first ter-
restrial measurement of the speed of
light, in a simple but ingenious way. A
beam of light was passed through one
of 720 notches around the edge of a
rotating wheel, was reflected by a mir-
ror and retraced its path, as shown in
Figure 1.3. When the returning light
passed through a notch, an observer
could detect it; if it hit the disc between
notches, the light was eclipsed. The
‘round-trip’ distance from the open

Hyppolyte Fizeau
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Figure 1.3 Fizeau’s experiment to measure the speed of light.

notch to the mirror and back to the edge of the disc was meas-
ured. Fizeau timed the eclipses and measured the rotational
speeds of the disc at the time of the eclipses. With this infor-
mation he calculated the speed of light in air and obtained a
value only about 4% different from the currently accepted
value of 299,792,458 ms™'.

Fizeau demonstrated considerable craftsmanship when he
constructed the 720-cog wheel with the light focused accurately
to pass through the gaps!

We can estimate the speed at which Fizeau needed to rotate
his wheel as follows:

Suppose that the distance d = 5km.
How fast must the wheel rotate so that
a tooth has replaced a neighbouring gap
by the time light which has passed
through the gap has returned from its
10 km back-and-forth journey? (Assume
that the speed of light ¢ = 3 x 108 ms™.)

Remembering that there are 720
teeth and 720 gaps, light must cover the
back-and-forth journey 1440 times during each revolution of the
wheel. This has to be repeated n times every second.
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c=2dx2x720xn

3 x 108
=>n= _ex T . 20.2 revs per second

4 x 5000 x 72

1.3.3 The speed of light in context

The speed of light ¢ is 3 x 10®* ms™ and the
speed of sound in airis 330 ms™. Light
travels about 1 million times faster than
sound!

The reaction time of an athlete to the
start signal is about 0.3 seconds. In that
time sound will travel a distance of about
100 metres, which means that it will have
just about reached the finishing line of
the 100 m sprint.

By comparison, light will have gone

100,000 km, or 2.5 times around the
world! Jesse Owens in Berlin

In the everyday world the speed of 1986 Olympic Games.

light can be considered almost infinite. As
we look at a landscape, light reaches us from different objects
practically instantaneously. There is no appreciable delay
between the light reaching us from a tree in the garden, and
from the top of a mountain on the horizon. Radio waves and
telephone messages reach us within a fraction of a second from
the most distant places in the world. Light from stars and dis-
tant galaxies, however, may take billions of years to reach us.
The constant c is one of the fundamental constants of our uni-
verse, and nobody can tell why it has the value it has. It is inter-
esting to speculate how different the laws of physics would be if
the constant ¢ had another value, particularly if it were much
smaller — say, of the order of the speed of sound. Obviously the
speed of communication would be reduced; it would take hours
for news to reach us from other parts of the world. Travel by jet
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plane would not be safe, because we would not know what was
ahead of us! These changes, however, are insignificant compared
to the fundamental differences in space and time which would
exist in such a ‘slow light’ universe. The features of Einstein’s
theory of relativity would now be part of the everyday world.

1.4 The process of vision
1.4.1 ‘Look and see’

We open the curtains and see the landscape. Grass, trees,
mountains and perhaps some people. An ‘ordinary’ occurrence,
unremarkable for those fortunate enough to be able to see. But
what exactly happens in the process of vision? How are we made
aware of distant objects? A picture is formed in our minds, appar-
ently instantaneously, enabling us to visualize a whole scene.
Somehow thousands of distant physical objects send us a series
of messages, which our brain is able to unscramble and interpret.

Light is the messenger which brings us the information.
Reflected from every leaf and every blade of grass, light is scat-
tered in all directions. A tiny fraction of it happens to hit the
eye. In an instant the information is coordinated to reconstruct
the whole panorama!

1.4.2 The journey of a photon

In the example of our perception of the countryside, the story
begins about 8 minutes earlier, when light is born on the sur-
face of the sun. It does not matter, for the moment, what we
mean by saying ‘light is born’. We will just picture light as a
tiny particle (a photon), which suddenly materialises at the
surface of the sun.

Countless photons leave the sun every second and go out into
the universe in all directions. They travel through space with a
speed of 3 x 108 ms™ for billions of years, unchanged and unhin-
dered. A very small fraction §ust happen’ to go in the direction of
the earth, and reach us, having traversed about 100 million miles
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Lough Conn, Co. Mayo, Ireland.

of empty space. In turn, a small fraction of these might hit a
leaf on a tree and be absorbed, giving energy to help the tree to
grow. Others get reflected, and some of these, an even tinier
fraction, reach our eyes and are focused on the retina. There
are still enough photons remaining to activate the ‘photosensi-
tive’ cells in the retina. (These photosensitive cells are closely
packed in three layers and interconnected by tiny fibres.)
Having arrived safely
after their long journey,
the photons have done
their job. They give up
their energy to electrons,
which flow through nerve
fibres to the brain, as
electrical currents.

The sun not only
emits light which enables ® —— Approx. size of Eseth
us to see, it is also our
main source of energy. Solar flare. Courtesy of NASA/ESA.
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Are the light
photons inside the
sun before they

Not actually. Are my
words inside me before
they come out?

About 600 million tonnes of hydrogen are ‘burned’ on the sun
every day (equivalent to about 10% J of energy). The earth
receives just about 5 X 10® % of this, which amounts to 2 x 10
J a day, more than ample for our needs. The sun is ‘captured’ in
this image from the Solar and Heliocentric Observatory, as its
surface erupts in a large ‘prominence’. An image of the earth is
shown here to illustrate the scale of the eruption.

1.4.3 The eye is like a digital camera

The front of the eye forms a complex optical system which
focuses the light on the retina. To ensure that the image is
of the highest quality this system is capable of rapid adjust-
ments to control the viewing
direction, focusing distance,
and the intensity of the light
admitted. The retina consists
of millions of photosensitive
cells which send out an electri-
colhes cal signal when struck by light.
/ (This process is called the pho-
toelectric effect, about which
muscles we shall have much more to say

The eye. in Chapter 13.) These signals

retina
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are then transmitted to the brain via the optic nerve. In this
way the eye works like a television camera, rather than a con-
ventional camera which uses photographic film.

The shape of the lens is controlled by the ciliary muscles. When
the ciliary muscles contract, the lens becomes more rounded and
therefore more strongly focusing. It is interesting to note that the
eye contains a range of different muscles, to control the lens, to
adjust the iris, and to rotate the eyeball up, down and sideways!

The function of the retina is not merely to generate electri-
cal signals at the spots where the light lands. It does much
more, and acts as a kind of microcomputer, pre-analysing the
information before it is transmitted to the brain. In particular it
is responsible for the sensation of colour. The human eye is sen-
sitive only to a small range of the electromagnetic spectrum.
Different colours are characterised by different wavelengths of
the electromagnetic wave. Information from the two eyes is com-
pared and coordinated and tiny differences between the two
images are used to measure perspective and distance and even
to estimate the speed of approaching objects.

Two computers — the back of the eye and the brain

It is interesting to study the reaction of the eye to mixtures of pho-
tons of different wavelengths. Thus, for example, a mixture of ‘red’
and ‘green’ light produces a sensation identical to that produced by
‘yellow’ light alone. This is quite different to the reaction of the ear
to sounds of different wavelengths. A trained ear can recognise a
chord of music as a mixture of notes. By ‘listening hard’ the com-
ponents of the chord can be distinguished. Not so in the case of
light. No matter how hard we look at light which appears yellow,
it is impossible to tell whether it is a pure beam of yellow light, or
a mixture of red and green. The microcomputer at the back of
the eye has sent the signal ‘yellow’ to the brain. The brain, our
‘mainframe computer’, accepts this signal, and has no more infor-
mation on the original input data.
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1.4.4 Reconstructing the object

Consider photons which are reflected from some point on a tree —
say, from a leaf at the very top. Focusing by the lens at the front
of the eye means that every photon which reaches the lens from
that particular point on the tree is directed towards the same
spot on the retina. Similarly, photons from every other leaf on
the tree are brought together at certain corresponding points on
the retina. An ‘image’ of the tree is formed at the back of the eye,
which is recognised by the brain as ‘a tree’. Recognition of any
object is a job for the brain rather than the retina. As babies
grow, their brains develop the ability to reconstruct objects such
as ‘my fingers’, ‘mother’ and ‘teddy’. They also learn to allow for
the fact that the image in the retina is upside down with respect
to the object!

So far, we have represented light by ‘rays’, and have not
been concerned with either particle or wave properties of light.
In fact, we have freely interchanged concepts of ‘photon’, and
‘wave’ in the preceding paragraphs, depending on context. Later
we will formalize the various aspects from which the subject
may be approached.

1.4.5 Why is the grass green?

Colour is not an absolute physical property of a surface but a
function of the kind of light reflected by the surface. At dusk
everything looks grey, but when the yellow street lights come
on, the colours of things change quite significantly.

Living plants absorb light energy in the process of pho-
tosynthesis, enabling them to grow and bloom. It so happens
that red and violet light are the most effective, and are
absorbed, whilst green light is mostly reflected by leaves
and grass. The green light we see is the light not used in
photosynthesis.
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Chlorophyl in plants reflects green light.

1.4.6 Seeing in the dark

‘Darkness’ means that there is
not enough light present in the
visible spectrum to activate the
eye. There may still be electro-
magnetic radiation of longer or
shorter wavelengths. Surfaces
at moderate temperatures emit
radiation mainly in the infrared
region. Even though we cannot
‘see’ this radiation, it can be reg-
istered on special photographic
film. On right is an example of
an infrared photograph taken Thermal images, winter at dawn.
from the air, showing such heat- courtesy of Esn O'Mongdin, UCD
emitting surfaces. School of Physics.
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This aerial view of part of the Malahide Road in Dublin was
taken in the infrared. Roofs of buildings are clearly seen to
be at a temperature higher than that of the surroundings. The
picture was taken in winter, just before dawn, at which time road
surfaces and bare soil fields are cooler than vegetation. Evergreen
hedges along the borders of the fields are relatively warm. Notice
the line of trees along the right hand side of the road.

There is no hiding place in the darkness of the night for
criminals trying to escape from justice. The intruders in the
images below had no idea that the radiation they were emitting
was being recorded by an infrared camera!

It I of auimect ot
i:fﬂtﬁhi'ﬂl me—

Thermal images: intruders at night.

Courtesy of Sierra Pacific Innovation, www.imagingl.com.

An added advantage of infrared camerawork is that such
radiation is transmitted through clouds. Not only does it work
by night, but it is also unhampered by cloud cover.

1.4.7 The branches of optics

We can approach the study of light from any of its aspects:
Geometrical optics: the path of light is represented by a ray
without reference to either waves or particles.
Physical optics: emphasis on the wave nature of light.
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1.5 The nature of light
1.5.1 Contradictory evidence

Newton firmly believed that o\t @ Wave,,
light was carried by particles
(corpuscles). He published
his theory of light in the book None of the Bover?
Optiks (1704). It is ironic — ;
that Newton, the firm devo-
tee of the corpuscular theory
of light, was the first person
known to have observed
Newton’s rings, which are
caused by the interference of
light, a wave phenomenon.

At the beginning of the 20'" century, a number of experiments
appeared to confirm the corpuscular theory. Light had the prop-
erties of a particle. Other experiments indicated the opposite.
Light behaved as a wave. Reconciling such contradictory evi-
dence appeared to be the main outstanding problem in Natural
Philosophy.

\sit a particfa?

The burning question
of the time.

1.5.2 Light as a wave

Waves can interfere with one another, sometimes reinforcing,
sometimes cancelling out. They can also bend around corners. As
far back as 1802, Thomas Young had shown that light beams from
two thin slits coming together can apparently ‘mutually destruct’
at certain points. Seen as two waves, the two beams interfere
destructively, giving darkness. This can be explained as the crest
of one wave superimposing on the trough of another and the two
‘cancelling out’. In other places, where two crests or two troughs
come together, they interfere constructively and we get an
increased intensity — not as dramatic, and easier to accept intu-
itively. In order to observe the phenomenon, we must arrange that
at certain points in space there is always constructive interference
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(waves in phase), and at others destructive interference (waves out
of phase). The effect is analogous to nodes and antinodes in a
vibrating string. When we discuss Young’s experiment in more
detail (Chapter 8), we will see that the experiment is relatively
easy to perform. Suffice it to say that it demonstrates a remark-
able effect associated with waves, namely:

light + light = darkness

1.5.3 Maxwell’s electromagnetic waves
James Clerk Maxwell

Another piece of evidence in support of
the wave nature of light came from the
theoretical work of James Clerk Maxwell
(1831-1879). Maxwell put together laws
of electricity and magnetism which had
been discovered by Karl Gauss (1777—
1855), Andre Ampere (1775-1836) and
Michael Faraday (1791-1867). These
laws were, in Maxwell’s time, well estab-
lished but were considered as separate
and independent. Maxwell’s achievement
was to unify phenomena in electrostatics, magnetism and current
electricity by expressing the laws mathematically, in the form of
four simultaneous differential equations.
The experimental evidence which Maxwell synthesised:

James Clerk Maxwell

1. Coulomb’s law, which describes the force exerted on one
another by electric charges at rest. It can be expressed math-
ematically in another form called Gauss’s theorem.

2. Gauss’s theorem, applied to magnetism, expresses the fact
that magnetic monopoles do not exist.

3. Ampere’s discovery that an electric charge in motion pro-
duces a magnetic field.

4. Faraday’s discovery that a changing magnetic field pro-
duces an electric field. Maxwell extended the symmetry
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to a changing electric field in turn producing a magnetic
field.

The equations describing these laws must all be true at the
same time (they are simultaneous equations). When Maxwell put
the four equations together, and solved them, he established the
consequences of the four laws being true at the same time. The
result was a prediction that by accelerating an electric charge,
one would create a signal which would propagate through space:
An oscillating charge would give rise to an electromagnetic wave,
travelling through space at a fixed speed. Maxwell was able to
calculate this speed, and obtained an answer practically identical
to the measured speed of light. This could hardly be a coincidence.
Light must be an electromagnetic wave.

1.5.4 Light as a particle

In 1900, Max Planck (1858-1947) made a discovery which
appeared to be incompatible with the wave theory of light. In
interpreting the spectrum of electromagnetic radiation emit-
ted by a black surface at high temperature (‘blackbody radia-
tion’), he found that a theoretical model which gave very good
agreement with the entire spectrum had to be based on a new
and unexpected assumption. He proposed that the oscillating
electric charges which give rise to light emission can only have
discrete energies. These energies come in units (quanta) of hf,
where h is a universal constant and f is the frequency of the
oscillations. An oscillator can have energy nhf, where n is a
whole number, but amounts of energy in between just do not
exist; for some unknown reason they are forbidden in nature.

Such a model was very difficult to accept, as it proposed the
idea of quantisation, at that time quite foreign to ‘natural phi-
losophy’. Classical physics assumed that physical quantities
have a continuous range of values. It was taken as self-evident
that there are no restrictions on the energy of a physical system,
or for that matter, on any observable physical quantity.
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In 1905, Albert Einstein extended the idea to light itself. The
energy transmitted by light also comes in quanta. Each photon
carries a quantum of energy Af, and to all intents and purposes
behaves like a particle. It can knock an electron out of a metallic
surface, something which a wave, with its energy spread out,
rather than concentrated at a point, could never do.

Not only does a photon behave as a particle with energy, but
it also has momentum and can collide and bounce off an elec-
tron. The result is very much like a collision between two bil-
liard balls (see Chapter 13 — ‘The Compton effect’).

1.5.5 An illustration of duality?

It is not possible to give a good analogy with wave—particle dual-
ity in the ‘household world’. Certainly we can observe different
properties of the same thing, depending on what we look for. A
person may be at the same time a doctor, a parent, an athlete and
a democrat, each aspect independent of the others. A certain
machine can be a word processor, a computer, an electronic-mail
communicator and a game station, all at the same time. These
analogies are not very good, because being an athlete and being a
democrat are not mutually exclusive, whereas in the household
world particles never look like waves, or vice versa!

We can try another illustration, an optical illusion in which
the appearance of an object depends on the observer’s point
of view. We reconstruct a concrete object in our mind when we
interpret a picture. What that object is may differ from time to
time quite dramatically. The illustration below is entirely sym-
bolic and certainly should be taken as such. It has no direct con-
nection with light, with photons, or with quantum theory.

The picture is an example of pictographic ambiguity, where
more than one ‘image’ is contained in a single drawing. A simi-
lar picture was published in 1915 by the cartoonist W.E. Hill
and is called ‘My wife and my mother-in-law’. At first glance one
sees immediately one image, but not the other. What is the chin
of the young woman from one perspective becomes the nose of
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the old lady from another
point of view.*

Again, the analogy with
wave—particle duality is not
close. The object which one
sees is an abstraction in the
imagination of the beholder.
The physical reality is the mate-
rial of the canvas, the painting
oil, the frame of the picture,
without ambiguity! It is not
surprising that it is not possi-
ble to find a good illustration
of wave—particle duality in the
classical world. It is a quan-
tum phenomenon in ‘the world
of the very small’. Two images in one.
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1.6 The birth of quantum mechanics
1.6.1 Particles have wave properties

In 1924, a dramatic idea was advanced which put a new slant
on our view of waves and particles. In his doctoral thesis, sub-
mitted to the University of Paris, Louis de Broglie (1892-1987)
proposed that not only light but all matter has properties of both
particles and waves. The examiners were not convinced. The
idea seemed quite absurd, and de Broglie had no experimental
evidence to support his conjecture. To confirm their view they
consulted Einstein, who, probably to everyone’s surprise, rec-
ommended acceptance of the thesis. Specifically, de Broglie pro-
posed that the relation between p, the momentum of a particle,
and its associated wavelength, A, involves Planck’s constant,

* An older version of the picture appears in an advertisement for the Ohio
Buggy Company, captioned ‘Here is my wife, but where is my mother-in law?’.
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and is the same as that between the momentum and the wave-
length of a photon, namely:

h

A= > (The de Broglie equation)

At the time de Broglie was not aware that there was already
some experimental evidence to support his assertion. Within a
year came what is now recognised as the official confirmation,
in a paper by C.J. Davidson and L. Germer. When the two sci-
entists sent a beam of electrons through a crystal, the electrons
were scattered to form a pattern exactly like the diffraction pat-
tern of light waves.

1.6.2 The Copenhagen interpretation

In 1921, Niels Bohr (1885-1963) founded the Institute of
Theoretical Physics in Copenhagen to develop the mechanics for
dealing with the world of the ultimate constituents of matter —
atoms, atomic nuclei and photons of light. The most eminent
physicist from all over the world attended Bohr’s institute at
one time or another, and the results of their deliberations
became known as the Copenhagen interpretation of quantum
mechanics. It soon became clear that the wave—particle duality
of light is a symptom of a much deeper principle at the core of
the laws of Nature. In the atomic world physical entities exist in
superposition of states. For example, an atom may exist as a
mixture of states of different energies, and acquires a given
energy state only when energy is measured. A photon is neither
a particle nor a wave but acquires one or other identity when it
is observed. We have to revise our understanding of reality. In
the world of atoms, molecules and light quanta, physical objects
do not have an independent existence.

It is somewhat ironic that Albert Einstein, who had been the
first to approve de Broglie’s particle-wave hypothesis and had
later made his vital contribution to the quantum theory of the
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photoelectric effect, became one of the greatest critics of the
Copenhagen interpretation of quantum mechanics. He could not
come to terms with the suggestion that physical attributes of
particles and systems depend on what measurements are made,
or whether or not measurements are made at all. How could the
act of observation change physical reality? In one of his many
letters to Bohr he expressed what was to him the absurdity of it
all: “How could a mouse change the universe by looking at it?”
Einstein’s own theory of relativity was derived by logical steps
from initial logical assumptions about space and time and the
constancy of the speed of light. To him ‘the most incomprehen-
sible thing about Nature was that it is comprehensible’. The
philosophy of quantum mechanics appeared to be neither logi-
cal nor comprehensible!

Einstein developed the theory of relativity on the basis that
the speed of light is a universal constant. In empty space, there
are no ‘milestones’ and therefore no reference points to define
absolute speed. This was the starting point of Einstein’s logical
train of thought which led to his famous equation E = mc?.

1.6.3 The universal messenger

Light is the principal actor on the stage of the universe. It brings
information from distant stars and galaxies. It tells us about the
distant past. It plays a key role in our understanding of the most
basic laws of Nature. This book will attempt to tell the exciting
story of light!



Chapter 2

Geometrical Optics:
Reflection

The quickest route

In geometrical optics we are not particularly interested in the
nature of light, but we want to know where it goes and what
route it chooses when there are many possible routes.

Everybody knows that, all else being equal, light travels from
A to B by the most direct route, i.e. in a straight line. But some-
times light may undergo reflection at one or more points along its
journey, or it may pass through different media, such as glass or
water. Depending on the angle at which it enters a new medium,
it will be bent (refracted). The light no longer travels in a
straight line from A to B, but chooses the quickest possible route.
This is known as Fermat’s principle of least time. All rules of
geometrical optics on
angles of reflection and
refraction follow from
that principle.

In this chapter we deal
with reflection. The phe-
nomenon of refraction,
which is the change of
direction when light enters
a different medium, will be
considered in Chapter 3.

| don't care about
its nature, | just want
to know its path.

23
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2.1 Fermat’s law
2.1.1 Light takes the quickest route

Let us represent the path of the light by a ‘ray’ as a line with an
arrow tip indicating the direction. A point source of light will in
general give rise to rays spreading out from the point, uniformly
in all directions. Some, or all, of these rays may then be reflected
from certain surfaces, or bent (refracted) by a transparent
medium. They can be guided by a lens or mirror and focused to
pass through another point. In a complex optical instrument,
many lenses and mirrors may repeat the procedure of refraction
and reflection, to produce a final image.

Pierre de Fermat (1601-1665), proposed a fundamental law
which applies to all light rays:

Fermat’s law of least time
When light goes from point A to point B, it will always take the
quickest possible path.

Fermat’s law is beautiful in its simplicity, and generality.
Imagine a light ray travelling by a complicated route through
different media, or through an optical instrument. No matter
how complicated the path between any two points, it will always
choose the quickest possible route! The entire subject of geo-
metrical optics is governed by this one law.

How does light
know which is the
quickest path?

According to Quantum
Electrodynamics it

self-destructs along
all other paths.
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2.1.2 The path in empty space

The simplest application of the law of least time occurs
in empty space, where light follows a straight line between
any two points. Of all the rays which set out from a source,
the only one to reach a particular point will be the ray
which originally sets out in the right direction, i.e. straight
towards the point. That particular ray will have taken
the quickest path and, in this case, the quickest path is
also the shortest path. In empty space a straight line is the
quickest route.

This applies anywhere where the speed of light is constant
and there is an unobstructed path between the points.

2.1.3 The quickest path via a reflection

Suppose that the direct route from A to B is blocked by a
screen, but that there is a possibility of getting around the
screen via reflection at a mirror, as shown in Figure 2.1.
Which is the shortest and quickest remaining route from

A to B?

screen

mirror

O — '
o—| ¥ %

!

Figure 2.1 The direct route is blocked, but a mirror provides another way.
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Some reasonable suggestions:

p—

The point of reflection is C, directly under the screen.

2. The point of reflection is D, such that the angle between
the ray and the mirror is the same for the incident and
reflected rays.

3. The point of reflection is E, halfway horizontally between A

and B.

2.1.4 The law of reflection

Construct a point B*, under the mirror, such that BC = B*C, as
seen in Figure 2.2. Let the ray be reflected at some point, X, at
the mirror.

No matter which point X we choose, XB = XB* and the jour-
ney from A—X—B is the same length as that from A—-X—B*, no

screen

mirror

B*

Figure 2.2 This construction shows that the law of reflection follows from
Fermat’s law.
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incident light reflected light

i = angle of incidence

mirror r = angle of reflection

Figure 2.3 Law of reflection i =r.

matter where the ray reflects at the mirror. But the straight line
(solid path) is the shortest distance from A to B* and therefore
also the shortest path from A to B. For that path, and for that
path only, the angle between the ray and the mirror is the same
for the incident and reflected rays.

It is usual to define angles of incidence and reflection with
respect to the normal (the line perpendicular to the surface at
the point of reflection), as shown in Figure 2.3.

Law of reflection: The angle of incidence is equal to the
angle of reflection. This is the first practical consequence of
Fermat’s law.

2.2 Mirrors
2.2.1 A plane mirror

The simplest and most common mirror of all is, of course, a
plane mirror. Consider Alice, standing in a well-lit room. Some
of the light scattered from Alice goes to the mirror and is
reflected. We all know that the result is an image of Alice, look-
ing back, apparently standing at an equal distance on the other
side of the mirror.

In Figure 2.4, we trace the path of the light rays as they obey
the law of reflection at the mirror. Let us concentrate on those
rays which return to Alice’s eyes and are seen by her. Only two
rays need to be traced: one from the top of her head and the
other from her toe. Both rays return directly to her eyes, as
illustrated in the diagram. There is no point in extending the
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Alice can see her Alice's
whole reflection image

mirror

Figure 2.4 A full-length plane mirror.

mirror as any light rays from Alice reflected from points higher
or lower have no chance of reaching her eyes. They would hit the
mirror at the wrong angle, and go off into space, and will not be
seen — at least not by Alice!

Alice has mounted the mirror in the best position to get a
full-length reflection. It is exactly half her height and extends
from a point halfway between the floor and her eye level, to a
point midway between eye level and the top of her head.

What we see in a plane mirror is an illusion, reconstructed
in our mind. There is of course nothing behind the mirror.
The reflected rays appear to diverge from something. Such
an image is called a virtual image.

2.2.2 Reversal from left to right

The image you see in a plane mirror is standing upright and fac-
ing in your direction. You see what appears to be a copy of your-
self, “turned around”, and looking back, face to face. On closer
examination, you realise that what you see is not an exact copy,
and is not quite how others see you.

The image in the mirror has ‘turned around’ in a peculiar
way. Imagine that you went behind the mirror and turned
around to ‘face yourself’. The act of turning consisted of
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swinging everything around a central axis, your right arm now
appearing on the left side of the mirror, your left arm rotating
to the other side. That is not what happened to the image. Every
dot on the image has turned
around independently. This
results in a reversal of left
and right, clockwise and
anti-clockwise.

The young sportsman in
the photograph does not
quite see himself as others
see him. He is holding the
ball in the other hand. The
number 13 on his shirt is
written backwards. Even
more noticeable is the image
of the clock; it is going anti-
clockwise, and the numbers
do not look right!

7}

The world in a mirror.

2.2.3 Reflection from a curved and uneven surface

So far we have only considered reflections at a plane surface.
The same law of reflection applies if the mirror is curved, pro-
vided that we measure the angles relative to the normal at the
point of reflection.

When a light ray meets a rough reflecting surface, the nor-
mal at the point of reflection can have practically any direc-
tion, resulting in diffuse reflection at all angles, as seen in
Figure 2.5.

2.2.4 A spherical concave mirror

A spherical mirror consists of a reflecting surface which is
curved, so that it forms part of the surface of an imaginary
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norr\nal normal

Figure 2.5 The incoming ray ‘sees’ only the normal at the precise point of
reflection.

(large) hollow sphere. In the case of a concave mirror, the
‘hollow’ (concave) side is facing the incoming rays. Such a mir-
ror has interesting properties which a plane mirror does not
have, basically owing to the fact that the rays reflected from a
concave surface tend to be brought together. For example, a par-
allel beam of light (provided it is not too far away from the axis)
can be brought together at a point called the focus, and con-
versely a source of light placed at the focus will give rise to a
reflected beam parallel to the axis. These properties can have
many practical applications, some of which are illustrated in
Figures 2.6 and 2.7.

A spherical mirror, however, will not bring all rays per-
fectly to the focus, and rays far from the optic axis will not cross
that axis at quite
the same point
after reflection as
those which came
in close to the
axis. To make a
mirror with per-
fect focusing prop-
erties, the surface

Why don't we
stick to ordinary
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incoming rays reflected rays
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Figure 2.6 A concave mirror will reflect parallel rays through a focal point.
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concave
sphere

Figure 2.7 The same mirror will give a beam of parallel reflected light if the
source is placed at the focus.

has to be paraboloidal rather than spherical. The geometrical
properties of a parabola exactly fulfil the criteria for perfect
focusing. In Appendix 2.1 this property of a parabolic mirror is
derived directly from Fermat’s principle.
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2.2.5 Applications of concave mirrors

Practical applications of concave mirrors are more common than
one might expect. They can be divided into two classes:

1. Creation of a directed beam of light

A source of light (or any source of electromagnetic rays) at the
focus of a concave mirror will give rise to a parallel beam. In
the case of a lighthouse the mirror revolves around the source,
producing a sweeping parallel beam of light.

2. Bringing light to a focus

Light shining over the entire surface area of a large concave
mirror will be concentrated at the focus.

et - A

Hale Telescope. Courtesy of Palomar

Lighthouse at Hook Head. Observatory and Caltech.
Courtesy of the Commis-
sioners of Irish Lights.

VLA. Courtesy of NRAO/AUI/NSF.
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Reflecting telescope

An almost perfect example of a parallel light beam is light from
a distant star. The fact that light from a dim source can be effec-
tively gathered over the entire surface of a large mirror and
focused at a point finds an obvious application in astronomical
telescopes. The Hale telescope at Mount Palomar, for example,
uses a parabolic mirror, with a diameter of 5.1 m (200 inches).

Mirrors are preferable to lenses in many optical applications.
We will meet lenses in the next chapter; suffice it to say here that
some wavelengths of the electromagnetic spectrum are absorbed
by the glass of a lens — a problem which does not arise in the
case of a mirror. In addition, high precision quality mirrors are
easier and cheaper to manufacture than large lenses.

Radio waves from cosmic sources are brought to the focus of
each mirror in a similar way to visible light.

The Very Large Array (VLA) of radio telescopes near
Soccoro, New Mexico.

2.2.6 The ‘death rays’ of Archimedes

According to legend, Archimedes (287-212 BC) set fire to an
invading fleet of Roman ships at the siege of Syracuse using an
arrangement of mirrors and ‘burning glasses’. This event is com-
memorated in a painting by Guiglio Parigi which may be seen in
the Galleria degli Uffizi in Florence. That the artist was unfa-
miliar with the laws of physics is apparent, in that the painting
shows divergent (rather than convergent) light rays — and
these would be quite harmless!

While the arrangement depicted by Parigi may not be sci-
entifically correct, the idea of using mirrors to focus sunlight at
a distant point may not be as absurd as it at first appears.
George Louis LeClerc, Comte de Buffon (1707-1788), set out in
1747 to produce fire using Archimedes’ method. He assembled
168 mirrors in an arrangement designed to focus sunlight at a
distance of about 50 m. It is said that he succeeded in igniting
a plank of wood instantly — showing that the system could
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indeed be used as a formidable weapon at that range! He also
claimed to have melted 3kg of tin at 6m using just 44 of
his mirrors. Buffon’s work, while it had not been subjected to
rigorous scientific scrutiny, had enough credibility to be recog-
nised, and his portrait appears on a postage stamp issued by
the French post office.

In 2004, the Discovery Channel television programme
MythBusters tried to ignite a fire in a set-up similar to that
described in legend at the battle of Syracuse, but the attempt failed.
The programme concluded that the legend could not be true, and
that the myth of Archimedes’ death rays had been ‘busted’.

Burning mirrors. Courtesy of David Wallace and MIT Mechanical
Engineering 2.009 class.

David Wallace and his 2.009 class at the Massachusetts
Institute of Technology (MIT) were not convinced. In a feasibil-
ity project they assembled a total of 127 plane mirrors to form
a giant concave mirror, which they used to focus sunlight on
a wooden model of a ship at a distance of about 30m. After about
10 minutes’ exposure to the death rays the hull of the ship burst
into flames. The MIT team admits that the conditions at the
siege of Syracuse were not quite the same as in their recon-
struction. The mirrors available to Archimedes would have
been made of copper, not glass, and the ships would probably
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have been further away than 30 m. Nonetheless, they did show
that the account of Archimedes and the burning ships is credi-
ble. The project has also confirmed the results of Buffon’s
experiments.

A historical interlude: Pierre de Fermat (1601-1665)

Born near Montauban, France, in 1601, Pierre de Fermat was a
lawyer and a government official. In 1648, he rose to the position
of chief spokesman for the parliament, and president of the
Chambre de I'Edit, which
had jurisdiction over law- @
suits between Huguenots
and Catholics. Despite his
nominally high office, he }
seems not to have been }
particularly devoted to mat-
ters of law and government;
indeed, a confidential report
by the intendant, sent to
Jean Baptiste Colbert* in
1664, was quite critical of
his performance.

For Fermat, mathematics was a hobby. One can surmise that his
‘day job’ bored him and that he devoted more of his time to mathe-
matics than was considered proper by his superiors. He published
very little of his work and most of his results were found after his
death, written on loose sheets of paper or on margins of textbooks.
He had a mischievous streak and enjoyed teasing other mathemati-
cians by stating results and theorems without revealing the proof. His
son Samuel found what is his now-famous Last Theorem, scribbled
as a marginal note in his father's copy of Diophantus’ Arithmetica.

Fermat’s Last Theorem states that the equation

n'a pas de solution pour des entiers n>2z
ot iR

Creation et gravure Andre Lavergne.
Courtesy of La Poste France.

Xn+yn=zn

* Chief Financial Minister of Louis XIV.
(Continued)
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has no non-zero integer solutions for x, y and z when n > 2. Fermat
wrote: “| have discovered a truly remarkable proof which this margin
is too narrow to contain.”

In 1908, the mathematician Paul Wolfskehl of Darmstadt,
Germany, bequeathed a sum of 100,000 marks to the Academy of
Sciences in Gottingen. It was to be awarded to the first person to
publish a complete proof of Fermat's theorem for all values of n.
Nobody succeeded in finding a proof until 1997, when Andrew Wiles,
an English mathematician, following 11 years’ work, published what
has been generally accepted as a complete proof. It showed that
Fermat was correct in his result although, given the complexity of the
ultimate theorem, Fermat's own ‘remarkable proof’ may well have
been wrong.

Fermat was also interested in the mathematics of maxima and
minima, and developed methods for finding tangents to curved lines
and surfaces. It is this work which led to his principle of least time.
His mathematical methods formed the central issue of a debate with
Descartes in the spring of 1638. Descartes, who had an aggressive
temperament and a sharp tongue, considered Fermat a rival and
disapproved of his mathematical reasoning. As a result there was lit-
tle cooperation between the two men, who were arguably the great-
est mathematicians of the time. The two made a formal peace when
finally Descartes admitted the error of his criticisms of Fermat's
methods, but even then there seems to have been little love lost
between them.

It is remarkable that Fermat was able to come to his conclusions
not only geometrically, but also analytically, using methods similar to
calculus, the invention of which is normally attributed to Isaac
Newton (1642-1727) and Gottfried Leibnitz (1646—1716) about
50 years later.

The principle of least time implies a fixed and therefore finite speed
of light. In those days this speed was totally unknown. Opinion in

Fermat's era still followed the belief of Aristotle that the speed of light

(Continued)
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was infinite until the first measurement of ¢ was made in 1677 by
Olaf Rémer (see Chapter 1).

Fermat was not sure whether or not light is transmitted instanta-
neously, and even less sure that it had a finite speed which differed
from medium to medium. Nevertheless, he undertook a mathemati-
cal derivation of the physical law of refraction on the basis of the pos-
tulates that:

(1) ‘the speed of light varies as the rarity of the medium through
which it passes’ and

(2) ‘nature operates by the simplest and most expeditious ways
and means'.

To Fermat'’s surprise (expressed in a letter to Clerselier in 1662),
his mathematical analysis led to the experimental law now known as
Snell’s law of refraction.

Appendix 2.1 The Parabolic mirror

The parabolic mirror — a perfect illustration of the
law of least time

A definition of a parabola is ‘the locus of all points equidistant
from a point called the focus, and a straight line called the
directrix’. This is exactly what is needed to construct a mirror
with no spherical aberration. The surface of such a mirror has
the shape of a paraboloid of revolution.

In the case of the parabolic mirror it is easier to apply the
law of least time directly. Consider a point source of light at an
infinite distance from the mirror. Imagine that at a given
instant a number of photons leave the source, and spread out in
all directions. At any given time later they will occupy a grow-
ing spherical surface, which at infinite distance from the source
will become a plane of photons travelling parallel to one
another.
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parabolic

mirror directrix
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property of a parabola:
FA'=AA", FB' = BB', FC' = CC'

Figure 2.8 Parabolic mirror.

Consider three such photons arriving in a parallel beam
ABC, as illustrated in Figure 2.8. What is the shortest and
therefore quickest route to F, assuming that they are going to be
reflected by the mirror?

The geometrical property of the parabola gives FA” = A’A”,
FB’=B’B” and FC' = C'C”

— AF=AA", BF=BB”, CF=CC"

Since the planes ABC and A”B”C” are parallel, AF = BF = CF.

This means that the travel times for all light rays to F from
the plane ABC (and therefore also from the ‘point at infinity’)
are equal.

To show that the equal paths are also
the shortest paths:

The paths taken by the three rays in Figure 2.8 are exactly
equal. They are also the shortest paths.

It is easy to see that, for example, there is no shorter path
from A to F via reflection at the mirror than AA’F.
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Try for instance ABF:

AA’F =AA”, BB'F=BB”=AA" but AB’ > BB’

= AB’F > AA'F The path via B’ is longer.

We can conclude that:

Photons which cross the plane ABC together arrive at the
focus together.
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Chapter 3

Geometrical Optics:
Refraction

Providing more than one quickest route

When light crosses the boundary between two media, it changes
direction. This phenomenon is called refraction. In this chapter
we study the rules and applications of refraction. The basic rule
is the same as always: it is Fermat’s principle of least time. We
show that the principle leads to the experimentally established
Snell’s law of diffraction.

Lenses are the most common example of the application
of the laws of refraction. In making a lens, the trick is to make
the shape such that all routes from a source A to a destination
B on the other side of the lens take the same time, despite the
fact light traverses different thicknesses of glass on different
routes.

We spend the remainder of this section dealing with the geom-
etry of the paths, and derive some simple formulae for lenses.

Making visible things we cannot see

We study the effect of various combinations of lenses which
make up optical systems. One fascinating example is the optical
system of the human eye. We discuss some common eye defects
and how these may be corrected using suitable lenses.

Finally, we describe optical systems which enable us to look
at things which are either too small or too far away to be seen
with the naked eye.

41
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3.1 Refraction
3.1.1 The refractive index

As we all know, from experience of city traffic, if the speeds
along different routes are not the same, the shortest route is not
necessarily the quickest. We have seen already that in vacuum
the speed of light is fixed at ¢ = 2.99792458 x 10® ms™, equiva-
lent to travelling a distance of approximately 7.5 times around
the earth in one second. Light can also travel through certain
‘transparent’ media such as air, water, glass or quartz, and
there the speed is less than c¢. The factor by which it is smaller
is specified by the refractive index n of the medium.

The definition of the refractive index of medium 2 with

V1
respect to medium 1is 1772 = =, where v, and v, are the speeds
2

of light in medium 1 and medium 2, respectively.

Glass

The most common man-made substance which is transparent
to visible light is, of course, glass. It is interesting to note
that the Egyptians were able to make glass as far back as
1500 BC. Glass is manufactured by fusing silica (sand) with
alkali; the Egyptians used soda and natron (sodium carbon-
ate). About 1000 years later we find early Greek references to
glass by Aristophanes (=400 BC).

The following table shows the refractive indices with respect
to vacuum of some materials (for light of wavelength 589 nm):

Material n
air (1 atm, 15°C) 1.00028
water 1.33
quartz, (fused) 1.46
glass (crown) 1.52

glass (flint) 1.58




Geometrical Optics: Refraction 43

In practice it is usual to omit the subscripts when writing
the refractive index ,n, if medium 1 is either vacuum or air,
and simply to refer to the refractive index, n, of the denser
medium.

The difference between the speed of light in vacuum (or air)
and its speed in liquids or solids is quite significant. In crown
glass, for example, light travels 1.52 times more slowly than in
air. The practical consequence of this is the phenomenon of
refraction — light changes direction as it crosses the boundary
between one medium and another. It is not obvious why such a
change of direction should occur, but perhaps not surprising.

Experience may tell
us that if a car hits a
muddy patch at an ‘)
angle, it will tend to
swerve. Similarly, waves
in water tend to change
direction as their speed
changes in shallow
water. Actually, we do
not have to refer to any
particular model for the
mechanism which causes the change of angle; it is required by
Fermat’s principle as illustrated in the lifeguard problem.

What has bending
got to do with the
speed of light?

3.1.2 The lifeguard problem

There is an elegant way in which we can derive an exact expres-
sion for the change in angle (Snell’s law) directly from the fun-
damental principle of least time, which we illustrate using the
example of ‘the path of the lifeguard’.

To find the quickest path

Consider the problem faced by a lifeguard who sees a swimmer
in difficulties. He wants to get to the swimmer in the shortest
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Figure 3.1 The lifeguard problem.

time, though not necessarily by the shortest route. His running
speed is greater than his swimming speed, so the shortest route
does not necessarily take the shortest time. What route should
he choose?

Probably his first instinct would be to go in a straight line,
but this cannot be the quickest route as the distance in the
water (where he moves more slowly) is too long. Neither is it
best to run to the bank opposite the swimmer and swim
straight across, so that he covers the maximum possible dis-
tance on land, because the overall distance is too long.
Instinct tells us that a compromise route is the quickest, and
the lifeguard should dive into the water at some point in
between his starting position and the point opposite the
swimmer.

It turns out that the lifeguard reaches the swimmer in the
shortest time if he runs directly to the point P in Figure 3.1,
and then swims directly from there to the swimmer. The sizes
of the angles i and r fix the position of P and the time is
shortest when

sini _ speed in water (See Appendix 3.1)
sinr  speed on land
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3.1.3 Snell’s law

Light follows the quickest path between two points. As it
changes speed on crossing the boundary from a less dense to a
denser medium, it is bent towards the normal. The ratio of the
sine of the angle of incidence to the sine of the angle of refrac-
tion is constant for light crossing from one given medium to
another. This fact was discovered by Willibrord Snell in 1621.
(At that time the speed of light was unknown and indeed gen-
erally considered to be infinite.) Fermat was able to relate
Snell’s constant to the ratio of the speeds of light on the assump-
tion that these are finite and fixed for different media.
We have now shown that:
The law of least time = s.mz - n (Snell’s law)
sinr Vg

The reverse journey

Assuming that the speed of light is the same in either direction,
the quickest route from A to B will also be the quickest route
back from B to A. If we reverse the direction of a light ray at any
point, we might expect it to retrace its way back along the path
by which it came. This is sometimes known as the principle of
reversibility. Accordingly, for rays coming from a point object
immersed in a denser medium such as water, the ratio sin i/sin r
is the same as before. Now, of course, the roles of the angles
i and r are reversed (r represents the angle of incidence and i the
angle of refraction). We will see shortly, however, that the
reversed ray may ‘decide’ not to retrace its path back to B, but
be reflected back into the water.

3.1.4 Apparent depth

To an angler looking down at a fish beneath the surface of water,
the fish appears to be closer to the surface than it actually is.
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Figure 3.2 The fish appears to be nearer the surface.

Rays from the fish are bent away from the normal as they leave
the water surface. Figure 3.2 illustrates how this changes the
perceived position of the fish.

The rays appear to diverge from the point O’ rather than
from O. The object appears to be situated at an ‘apparent’ depth
AQO’ which is related to the real depth AO:

AO’ tanr
AO tani
AOQ" sinr 1

When the angles i and 780 Ssini
en the angles i and r are small, —-=-=——=—
real depth n

apparent depth

This relationship holds for small angles only when the
angler is more or less directly above the fish. For larger angles,
the angler sees the fish at an even smaller apparent depth.
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3.1.5 The dilemma faced by light trying
to leave glass

Rays coming from the denser medium are refracted away from
the normal. As we consider rays striking the surface at greater
and greater angles (Figure 3.3), we will come to the point where
the angle of incidence r = 6, (the critical angle). At that angle
sin i/sin 6, is such that sin i = 1. The refracted ray, at least in
principle, skims along the surface at an angle of 90° to the nor-
mal. In practice, as we will see shortly, the intensity of the
refracted ray decreases, becoming very small at that angle.

The dilemma is this: since sin i cannot be > 1, what is to
become of a ray reaching the surface at angles r > 6.?

A ray from the denser medium striking the surface at an
angle greater than the critical angle 6, cannot get out, and will
be totally internally reflected.

If the ray passes from the glass into air, the value of 6, can
be calculated from:

sin 90°
Sin 0 =n Critical angles
C
Substance n 0,
water 1.33 48.8°
glass 1.52 41.1°

n=1.0

n=1.52

For 'rays beyond 6 the
¥ law of reflection applies.

Figure 3.3 Total internal reflection.
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Reversal through 180° — rays return inverted.
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Periscope — rays emerge to give an upright image.

Figure 3.4 Totally reflecting prisms.

3.1.6 Practical applications of total
internal reflection

Since the critical angle for glass is just under 45°, right angled
prisms with the remaining angles each 45° are ideal for turning
a light beam through 90° or 180°, as we see in Figure 3.4. Since
no loss of intensity occurs in the process, totally reflecting prisms
are used rather than mirrors in most optical instruments.

Light pipes and optical fibres

In a light pipe, the rays of light keep hitting the surface at
angles greater than 6, and cannot get out. They will travel
around corners which are not too sharp and arrive at the other
end of the pipe without loss, as illustrated in Figure 3.5.

cladding

Figure 3.5 Light pipe.
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Since the rays from different parts of the original source
arrive at the other end completely scrambled, such a light pipe
can be used for transmission of illumination only, and for creat-
ing images.

An optical fibre is thinner than a human hair, but is very
strong. Optical fibre cables can transmit more data, and are less
susceptible to interference than traditional metal cables. To
transmit images, a bundle of very fine glass or plastic fibres,
each of the order of a few microns in diameter, can be used. Each
fibre transmits light from a very small region of the object, to
build up a well-resolved image. Fibre-optic bundles are used
widely in telecommunications.

In medicine, flexible endoscopes are used to look at internal
organs, in a reasonably non-invasive manner. The endoscope
functions as a viewing device inserted through a very small inci-
sion, while the surgical instrument is inserted through another
small incision, and manipulated within the tissue. Particularly
common operations include gall bladder removal, knee surgery
and sinus surgery. In laser surgery, fibre optics can be used both
to guide the laser beam and to illuminate the area.

3.1.7 Freedom of choice when a ray
meets a boundary

The principle of reversibility applies only when both the starting
point and the destination of the light ray are known, in situa-
tions such as the lifeguard problem (Figure 3.1). Often, when
light comes to the boundary between two media it exercises ‘free-
dom of choice’ as to whether it is going to be reflected or
refracted. This applies to rays going from a less dense medium
such as air to a denser medium such as glass, or vice versa, as
illustrated in Figure 3.6.

Figure 3.6 shows that when the light goes from glass to air,
the intensity of the transmitted beam becomes fainter as the
angle of incidence increases, becoming zero at the critical angle.
At that point, freedom of choice is gone and the ray can only be
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Figure 3.6 Rays crossing the boundary between glass and air are partially

reflected and partially refracted.

reflected. It is difficult to understand what determines the fate
of a particular ray — whether it is reflected or transmitted.

The ‘shop window effect’

An example of partial reflection occurs when we look at a shop
window. We see our own image in light reflected by the glass,
and the goods on display, in light transmitted by the glass. In
the first case light from outside the shop ‘bounces back’, and in
the second light from the inside comes through. A similar ‘free-
dom of choice’ exists for light rays coming from the other direc-
tion. (In the case of the shop window this freedom is exercised
twice, first at one glass surface and then at the other.)

3.1.8 The mystery

Partial reflection was a deep mystery to Newton. He realised
that it is not determined for example by some local microscopic
surface characteristic. The reason, he wrote, was ‘because I can
polish glass’ — the fine scratches due to polishing do not affect
the light. Whether or not bumps and hollows on the microscopic
or even the molecular scale can be affected by polishing is ques-
tionable. Experimentally, we find that the path of a light ray at
the boundary between the two media is unpredictable, regard-
less of the scale at which we perform our experiments. We now
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know that Newton was exploring a most basic phenomenon of
nature.

‘The photon decides’

The phenomenon is particularly interesting from the point of
view of light photons. As photons reach the surface one by one,
some of them are reflected, and some continue on through the
surface. Which happens is not predetermined but is purely sta-
tistical; in fact, the photon decides. We have here an example of
the rules of quantum mechanics. The photon is governed by
basic laws of probability. What is more, the actual probabilities
may depend on seemingly
absurd things such as what ~vvvevvey
may or may not happen in the
future, for example, whether
or not it might meet further
reflecting surfaces later!

Such mysterious behaviour
of photons forms the starting
point of quantum electro- tesssssssssscsscsscsanal

dynamics (QED), co-founded by Courtesy of United States Postal
Richard Feynman (1918-1988).  Service.

FW W VYWY WYY W

3.1.9 A practical puzzle — two-way mirrors

In spy movies and identification parades we often see two-way
mirrors which behave as transparent glass windows from one
side and mirrors from the other side. This seems to be impossi-
ble from physical principles, so how do they work?

Many such mirrors are partly silvered so as to reflect not all
rays, but a greater fraction than reflected by normal glass. They
are based on the principle of greater brightness on one side, and
little light on the other.

For light hitting the glass from either side, a certain fraction
of light rays are reflected, and the remainder transmitted.
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Because of the difference in brightness, the vast majority of rays
emerging from the glass on the bright side are reflected rays
which originated on that bright side. The opposite is true on the
dark side, where most of the light coming through is transmit-

Two-way mirror in an identification
parade.

3.2 Lenses

3.2.1 The function of a lens

ted light. The effect may be
enhanced by coating the dark
side of the glass with a very
thin layer of silver, turning it
into a ‘half-silvered mirror’
which causes about 50% of the
light to be transmitted and the
other 50% to be reflected.

The human eye can adapt to
an enormous range of intensi-
ties. The eyes of the members of
the identification parade are
adapted to bright lights and the
very small number of rays com-
ing from the other side of the
two-way mirror is not noticeable.

The basic function of a lens is to gather all the rays falling on its
surface and to re-direct them by refraction in a prescribed fash-
ion. Figures 3.7 and 3.8 illustrate how converging and diverging

lenses behave.

Parallel rays converge to a point called the focus:

YYVYVYYYY

parallel rays

focus
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Rays from a point source O (object) converge to a point I
(image) beyond the focus:

image

Y

object focus

Figure 3.7 Converging lens.

A diverging lens causes parallel rays to diverge so that they
appear to come from a point in front of the lens.

Figure 3.8 Diverging lens.

3.2.2 Fermat’s principle applied to lenses

The principle of least time is most easily seen to apply directly
to Figure 3.7. The job of the lens is to gather all light rays
which strike it on the side facing the beam, and bring them to
a focus on the other side. The lens does this by providing a
number of paths of equal length in time. Light travels more
slowly in glass than in air. The path along the straight line
from O to I is actually made longer in time by slowing down
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the light as it passes through the thickest part of the lens.
Rays going from O to I by one of the more roundabout routes
have to traverse a smaller thickness of glass. Light rays are
presented with these other routes which take the same time as
the central route.

The problem is to find the shape of the lens to ensure that
the smaller width at any point off-axis exactly compensates for
the extra length of the journey!

Expensive lenses
are complex in shape
and may have many
components, but it turns
out that a single lens
with spherical surfaces
works quite well, par-
ticularly for rays close
to the optical axis. The
focal point of a converg-
ing lens is defined as the point at which incoming rays parallel
to the axis are brought together at the other side of the lens.
Conversely, a source of light at the focus will give rise to a beam
of light parallel to the axis at the other side.

Can we find
the right shape?,

3.3 Objects and images: converging lenses
3.3.1 Ray tracing through a thin lens

A lens which is thicker in the middle than at the ends always
acts as a converging lens, even when the curvature is convex
on one side and concave on the other. It can also be shown that
turning the lens around will not change its focusing proper-
ties. This means the focal length of a lens is the same on both
sides, regardless of its shape, as illustrated in Figure 3.9.
Accordingly, lenses are designated by a single value of f which
applies to either side of the lens.
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parallel rays parallel rays
entering from left entering from right
o e

A A A A AA

Figure 3.9 Focal points are at the same distance from both sides of a
thin lens.

3.3.2 Principal rays (thin lenses)

We can also draw rays which pass through certain selected
points for lenses, as we did for mirrors. In Figure 3.10 we have
just three such rays and not four, because there is no such thing
as the centre of curvature for a lens as a whole; each surface has
its own centre of curvature and neither has direct significance
in ray tracing for the complete lens.

Ray (1) enters parallel to the optic axis, and passes through the
focus on the other side.

Y

——— ) —>
@ \ optic
w axis

u : object distance

v : image distance U

f: focal length

<—u—><—f—>

Figure 3.10 Principal rays passing through a convex lens.
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Ray (2) strikes the centre of the lens, and passes through with-
out deviation.

Ray (3) passes through the focus, on its way to the lens, and
exits parallel to the axis on the other.

3.3.3 The lens equation

The object distance and image distances are related to the focal
length of the lens:

1 1 1
=
u v

(The lens equation)

size of image v

size of object u

These equations are derived in Appendix 3.2.

Magnification is obviously related to the above ratio and can
be defined in such a manner as to indicate the orientation of the
image. In our convention we define magnification as m = —v/u.
Notice that when the ratio v/u is positive, the image is upright,
and when it is negative, the image is inverted.

3.3.4 Symmetry

The lens equation exhibits symmetry between the object dis-
tance and the image distance. The relation would be just as
valid if object and image were interchanged. This is particularly
obvious if we look at the Newtonian form (see Appendix 3.2),
which shows that moving the object further away brings the
image closer to the lens, and vice versa. In the extreme case of
the object at infinity, the image is at the focus; placing the object
at the focus will give an image at infinity, i.e. a parallel outgo-
ing beam. We cannot place the object further away than at infin-
ity, therefore the image of a real object is never closer to the lens
than the focal distance.
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3.3.5 Breaking the symmetry

We can now raise an interesting question relating to symme-
try. The image is never closer than the focal point of the lens.
We have just stated that image and object may be inter-
changed, and the relation remains valid. But there is nothing
to stop us from placing the object inside the focus! Does this
not break the symmetry? Let us see what happens when we
do this:

The rays, having passed through the lens, appear to diverge
from an image on the same side of the lens as the object. Instead
of the object, we see a virtual image which is upright and mag-
nified, as illustrated in Figure 3.11. The lens can be used in this
way as a magnifying glass.

The magnifying glass will work provided we hold it such
that the object is at or inside the focus.

We can derive relations for the magnifier directly from the
lens equation:

bigger through the
looking glass!

- I —»

- | ———

47f4-U

Figure 3.11 Object placed nearer to the convex lens than the focus — a
simple magnifier.
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The image distance, v, is negative if u < f and the image is
virtual.

Magnification m = —— (m is positive since v is negative)
u

= The image is upright

The closer the object is to the focus, the smaller is the denomi-
nator u — f and the larger the magnification.

How about object—-image symmetry? Can we somehow ‘force’
an image to appear inside the focus? To do this we need to have
a converging beam in the first place and light always diverges
from all points on a normal physical object. We need a second
lens to create a converging beam which is heading towards an
image when intercepted by the lens in question. This image
(which the rays never reach) will act as a virtual object and lead
to a final image inside the focus of the second lens.

3.3.6 An intuitive approach — the task of a lens

We have derived the properties of the image and its distance
from the lens from the lens equation and also by tracing princi-
pal rays. The results obtained can be visualised and understood
in another way by considering the task which the lens is ‘trying
to perform’. The task of a converging lens is to collect the rays of
a beam which is diverging from a point and to bring them
together at a focus. If that is not possible, it will at least make
the beam less diverging. The beam from a source at infinity is
parallel as it reaches the lens, so that its divergence is zero and
it is therefore most easily focused. As the object comes nearer to
the lens, the beam as seen by the lens becomes more and more
divergent and the task becomes more difficult. Finally, when
the object is inside the focus, the best the lens can do is to make
a beam which is less diverging, which will then appear to come
from an object which is further away, on the same side as the
actual object. It will also appear larger in size because, as seen
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in Figure 3.11, the ray through the centre of the lens has to be
projected back and upwards before it meets the other rays.

Questions

1. A lens is masked so that only
half of it is in use, as seen in
Figure 3.12:

Which is correct?

1.1. We get an image of the right
side of the object only.

1.2. We get an image of the left
half of the object only.

1.3. We still get the entire image
but it is of lower intensity.

Figure 3.12 Lens mask I.

2. A lens is masked so that only the
central portion is in use, as seen
in Figure 3.13:

Which is correct?

2.1. We get an image of the cen-
tral part of the object only.

2.2. We get only a tiny image of
the whole object.

3.3. We get the entire image as
before, but of lower intensity
and greater clarity.

Figure 3.13 Lens mask II.

Answers

Both questions above can be answered when we recall that from
any given point on the object rays go to the corresponding point on
the image via every point on the lens. Statement No. 3 is therefore
correct in both cases. We still get the entire image, but fewer rays.
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In question No. 2 the rays we get are more selective in that
they better fulfil the paraxial approximation. The image is
therefore clearer, if less intense.

On a bright day the aperture on a camera lens is reduced as
we have sufficient light to use only the central spot on the lens.
The same is true for the human eye where the iris accommo-
dates, according to lighting conditions.

3.4 Objects and images: diverging lenses

The principal rays in Figure 3.14 have been drawn according to
rules similar to the previous ones:

Ray (1) enters parallel to the optic axis, diverted so that back-
ward projection passes through the focus.

Ray (2) strikes the centre of the lens and passes through with-
out deviation.

Ray (3) sets out from the object in the direction of the focal point
on the right, and exits the lens parallel to the axis.

The rays in the diagram all come from the same point at the
top of the object; similarly, rays which diverge from every other

\—V(n

Oh my,
Alice you look
so tiny!

A diverging lens can be concave @)

on both sides, or on one side
only provided the concave

side has greater curvature. u

Figure 3.14 Principal rays passing through a convex lens.
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point are made more divergent by the lens. The image is always
virtual, on the same side as the object, and always smaller than
the object and nearer to the lens.

3.5 Lens combinations
3.5.1 A general method

We can calculate the position and size of the final image produced
by two lenses, in the following way. We start by finding the posi-
tion and size of the image created by the first lens. This image
becomes the object for the second lens. It can be a real or virtual
object, depending on whether it is situated in front of or behind
the second lens. The position and size of the final object are then
calculated. The process may be repeated for any number of lenses.

3.5.2 Examples — lenses in contact

Two thin lenses in contact have focal lengths +f, and +f, respec-
tively. What is the focal length (F) of the combination?

Note the emphasis that both focal lengths are positive, i.e.
we have two converging lenses. A parallel beam strikes the
first lens as illustrated in Figure 3.15. This will be focused at
a distance f, by the first lens and serve as a virtual point

(1) (2) final lens image 1st lens image
. (virtual) (virtual)

Two converging lenses together make a yet stronger combination.

Figure 3.15 Combination of two converging lenses in contact.
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object for the second lens. It is a virtual object since the light
rays never reached that point, but were intercepted by the
second lens.

By definition, final image distance = focal length of
combination.

. . 1 1 1
Applying the lens equation —+—= ]7 to lens (2):
u v

u = —f, (virtual object distance) 1 1 1
v = F (final image distance) = —f— + 7= f_
f =1, focal length of lens under 1 2
consideration)
1 1 1
= —=— 4+ —
F fi 1

If one of the lenses is divergent we insert a negative value for
the focal length f for that lens.

3.5.3 The power of a lens

The shorter the focal length of a lens, the closer to itself it can
focus a beam, i.e. the greater the change in the direction of light
rays it produces.

It is logical therefore to define the power P of a lens as
inversely proportional to the local length:

Pl

f

The unit of lens power is the diopter, defined as the power of a
lens of focal length 1m.

For thin lenses in contact the power of the combination is
simply the sum of the powers of the individual components,
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remembering that the numerical value of P is negative if the
lens is divergent.

Lenses and, to a lesser extent, mirrors are the central com-
ponents of optical instruments. The most fundamental such
instrument is the human eye, which brings the incoming light
to a focus, performs a preliminary analysis of the signal, and
then transmits the information on to the brain.

3.6 The eye
3.6.1 The structure of the eye

Light enters the eye through retina
a thin transparent mem-
brane called the cornea —

the most powerful part of iris

the lens system, where the

main part of the bending of cornea

light occurs. Behind the ciidry optic
cornea, the crystalline lens, muscles nerve

controlled by the ciliary

muscles, adds fine-tuning to the focusing process to produce a
sharp image on the retina, which is a photosensitive mem-
brane and acts like an array of miniature photocells. These
microscopic units (there are more than 100 million of them)
are called rods and cones and respond to light by generating
an electrical signal. This signal is carried to the brain by the
optic nerve. The light passes through the pupil, an adjustable
circular opening in the centre of the iris which regulates the
intensity of light entering the eye. The iris is beautifully pig-
mented and gives the eye its colour.

The ciliary muscles in the normal human eye are
relaxed when one is looking at distant objects, i.e. objects ‘at
infinity’. The lens then focuses a parallel beam of light on the
retina which is about 2cm from the lens, as illustrated in
Figure 3.16.
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A normal eye can increase its

>
power from 50 to 54 diopters

2cm

Figure 3.16 A normal relaxed eye focuses parallel light on the retina.

<+ 25cm

\
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2cm

Figure 3.17 Least distance of distinct vision (not to scale).

When the muscles are relaxed, the power of the lens is
P =1/f=1/0.02 = 50 diopters.

When one is looking at nearby objects, the tension of each cil-
iary muscle is increased. As a result the curvature of the surfaces
increases and the focusing power increases. This process is called
accommodation. At maximum power, an object at a distance of
25 e¢m can just be kept in focus, as illustrated in Figure 3.17.

We can calculate the maximum power easily from the lens
equation:

pP=

111 1
f u v

:_+L=4+50=54 diopters
0.25 0.02

A normal eye can increase its power from 50 to 54 diopters.
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The image on the retina is inverted (see Section 3.3) — a fact
which a baby realises when it has to reach up in order to touch
something which must at first appear to be down below! In
1896, G.M. Stratton carried out an experiment, in which sub-
jects had to wear special inverting glasses for an extended
period. He found that, after a few days, the world which they
saw through these glasses appeared to them to be quite normal.
In fact, after they had taken off the glasses, they became con-
fused and needed a further period of adjustment to get back to
normal vision.

In front of the lens is the
iris, within which there is a
variable aperture called the
pupil which opens and closes
to adjust to changing light
intensity. The receptors on the
retina also have intensity
adaptation mechanisms. As a
result, the eye is adaptable to
an enormous range of light
intensity. For example, sun-
light has an intensity 100,000 times greater than moonlight,
which in turn is 20,000 times more intense than starlight. Yet
one can easily distinguish objects at night, particularly when
the moon is full.

When light intensity doesn't matter......

3.6.2 Common eye defects
Myopia (short-sightedness)

Parallel light is focused at a
point in front of the retina, as
the power of the lens is too
great. (Either the curvature of
the lens is too large, or the eye
is longer than is normal.) As
a result the person cannot
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focus clearly on points further away than a certain distance
called the far point.
Diverging lenses will correct the defect.

Hypermetropia
(long-sightedness)

Even with maximum accommo-
dation, the power of the lens is
not sufficient to obtain an
image of objects at a distance of
25 c¢m; the near point is further
from the eye.

3
Jn@ﬂhetmd\o Such a person needs read-
ing glasses with converging
lenses.
Presbyopia

The inability to accommodate fully often increases with age.
This defect may be corrected with bifocal lenses; the upper part
of the lens is used for distant vision and the lower for close work.

Astigmatism

This defect is caused by irregularities in the lens, or elsewhere
in the eye, and causes distorted vision. It can be compensated by
using lenses with cylindrical or more complicated surfaces.

Whether we use contact lenses or ordinary spectacles, the
separation of the glass lens from the eye is small in comparison
with the object distance. We may make calculations on the basis
of thin touching lenses.

The earliest spectacles were made in the 14 century. In 1363
Guy de Chauliac prescribed spectacles as a last remedy when
salves and lotions had failed. Originally only convex lenses were
used. Concave lenses were introduced later, in the 16' century.
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3.7 Making visible what the eye cannot see
3.7.1 Distant objects

Telescopes enable us to see and
examine objects which are far
away; microscopes, to see and
examine very small objects. The
sun, the moon and the other
planets in our solar system can
be studied even with relatively
simple telescopes. Most stars
other than the sun are so far away that, even with the most
powerful telescopes, we get a point image and it is just not pos-
sible to observe features that might be on the surface of the
stars. However, a telescope does collect more light than the
naked eye, so the image is very much brighter and countless
new stars become visible.

Parallel lines

.:
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d
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o
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A

Betelgeuse. Courtesy of
Hubble stamp. Courtesy of An A. Dupree (CFA), R. Gilliland

Post, Ireland. (SIScI), NASA, ESA.

In 1995, NASA published a picture (taken with the Hubble
Space Telescope) of the star Betelgeuse, consisting of a
central disc with the halo of an atmosphere around it.
Betelgeuse is one of our nearest stars, ‘only’ about 430 light
years away, and is very large, with a radius about 1800 times
the radius of the sun.
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subtended angle 0.5 arcsec

TCIIICICC w

telescope Betelgeuse
<«—— 430 lightyears —»

subtended angle 0.5 arcsec

telescope
<+— 50km

Figure 3.18 The angle subtended by one of our nearest stars.

Magnification, defined in terms of the ratio of the size of the
image to the size of the object, does not of course make sense
when we are viewing astronomical objects, particularly when we
have a point image. However, when the image is of finite size,
we can measure the power of a telescope in terms of the small-
est angular size which can be resolved. This is the angle
between rays from opposite sides of the object and is also a
measure of the angle subtended by that object.

In the case of Betelgeuse, the angular size is about 0.5 arc
seconds, equivalent to the angular size of a 50-cent coin at a dis-
tance of 50 km, as illustrated in Figure 3.18.

3.7.2 Nearer but not clearer

The situation is quite different in the case of an object
at a finite distance from us. We can obviously increase the
angular size of the object by standing closer to it. As we
come nearer and nearer, we can distinguish more detalil,
but there is a limit. When we get inside the least distance of
distinct vision, the clarity diminishes, and the image becomes
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blurred. Any advantage gained by increased angular size
is lost.

‘Inside’ the least dis-
tance of distinct vision,
the images of nearby
points overlap, and the
letters on the worm’s
chart merge. Things are
nearer, but not clearer.
The problem is that the
rays of light from any
point on the object are so
divergent when they reach the eye that the lens is not strong
enough to focus them on the retina. The ‘task’ is too great and the
strain on the ciliary muscles will most probably lead to a headache!

We need a real image on the retina to transmit to the brain;
rays from every point on the object should be sharply focused at
a corresponding point on the retina if we are to see a ‘true’ image
of the object.

As we get very close to an object, its angular size increases,
but it becomes impossible to focus rays from any given point on
the object.

Figure 3.19 shows two sets of rays, one emerging from the
top of an object and the other from the bottom. The lens is not
strong enough to focus either set of rays to a single point on the
retina. The result is a jungle of overlapping rays reaching the
retina and confused messages reaching the brain!

Move your
nose back so ‘
ou can focus.

Figure 3.19 Too close for comfort.
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How can we increase the angular size of the object without
making the rays from individual points on the object too
divergent?

3.7.3 Angular magnification
The simple magnifier

A single convergent lens may be used as a magnifying glass to
provide the simplest method of increasing angular magnifica-
tion without blurring. Placing the object inside the focal point of
the lens gives a magnified virtual image, as shown in Figure
3.20. In fact, if we place the object at the focus of the magnifier,
the rays from each point emerge parallel and can be viewed
comfortably with the relaxed eye.

The angle subtended by the object as seen from the centre of

the lens is: g =tang = h/f -

As far as the observer to the right of the lens is concerned,
this is also the angle between the rays coming from points at
the top and the bottom of the object. These rays are parallel
and can be focused comfortably on the retina. The function of
the magnifying glass has been effectively to bring the object
close up to a distance f from the observer without blurring.

‘Black’ rays from point The angle between the upper and
at infinity forming lower rays is 6 but all upper and lower
top of the image. rays are parallel and easy to focus.

f = focal length of

Grey’ rays from point the magnifier

at infinity forming
foot of the image.

Figure 3.20 The simple magnifier.
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Figure 3.21 Simple magnifier.

The angular magnification is defined as the ratio of the angu-
lar size as seen through the magnifier (6) compared to angular
size () when the object is placed as close as possible to the nor-
mal eye, at the least distance of distinct vision (d = 25cm).

For small angles, angular size is equal to actual size/separation

h h
92— = —
and [0) 4

o d
= angular magnification o =—

A normal good magnifying glass may have a focal length of
7.5 cm. The resultant angular magnification o = 25/7.5 = 3.3.

This means that effectively you can observe an object as if it
were 7.5 cm from your eyes instead of 25 cm. It is difficult to
make large convex lenses of greater power without encountering
distortion due to non-paraxial rays, although small high quality
lenses with focal lengths of the order of millimetres are made for
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optical instruments. To achieve greater magnifying power it is
normally necessary to use a combination of lenses forming a
compound microscope.

Antoon van Leeuwenhoek (1632—-1723) was a brilliant lens-
maker who hand-crafted lenses of high quality and very short
focal length. No one was able to match his skill at the time and
microscopy suffered a great setback after his death until the
development of compound microscopes about 100 years later.

3.8 Combinations of lenses
3.8.1 Compound microscopes

The simplest compound microscope involves two lenses. The
objective lens has a short focal length and the object under
study is placed just outside the focal point of the lens. This pro-
duces a real, inverted image, which is much larger than the
object. (The magnification is typically x50.)

This image is viewed by the eyepiece, which is used as a
magnifying glass. The final image is virtual, inverted and fur-
ther magnified.

Figure 3.22 illustrates the principle of the compound micro-
scope. The objective lens, with a focal length f, (typically about

Observer sees

e U — parallel rays.

ol ¥

The final image is at infinity and subtends an angle o for the observer.
Rays from any given point are parallel.

Figure 3.22 Compound microscope (not to scale).
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3mm), forms a real and inverted image of an object placed little
more than 0.05 mm beyond its focal point, at a distance of about
15cm. The magnification of this intermediate image is
m = —v/u =15/0.3=50 . If the object has a lateral size of &, the
size of the intermediate image is 50 h. This image is placed at
the focus of the eyepiece and forms an object for the eyepiece.

The angular magnification, & =d/f, , where f,is the focal length
of the eyepiece and d is the least distance of distinct vision.
Iff, =4 cm,

Angular magnification of the final image = w =312.5.

The notion of an image ‘at infinity’ suggests that such a
thing might be difficult to examine. In fact, the opposite is true.
The relaxed eye can comfortably focus parallel rays on the
retina. The final image produced by the microscope serves as an
object for the eye and can be imagined as being composed of a
series of points. Rays reaching the eye from any one point are
parallel. Rays from different points are not parallel. In fact, the
angle between the beam of rays coming from the point at the top
and the beam from the point at the bottom determines the angu-
lar magnification.

In high power microscopes, the eyepiece and objective lenses
are themselves combinations of lenses. Such combinations are
designed not only to increase magnification but also to minimize
distortion due to lens aberrations. In addition, all but the sim-
plest microscopes have binocular eyepieces, essential if they are
to be used for an extended period of time.

When one is looking at an object close at hand, it is unnatu-
ral to focus one’s eyes for infinity and even microscope operators
may take time to adapt. It may also take time to adapt to binoc-
ular eyepieces so that one image is seen by both eyes, and not
two. In cases where it matters, one must also get used to the fact
that the image is upside down!
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3.8.2 Telescopes

The Dutch optician Hans Lippershey (1570-1619) succeeded in
‘making distant objects appear nearer but inverted’ by means of
a tube inside which were mounted two spectacle lenses. He
applied to patent his invention, but it was refused on the basis
that the instrument would be ‘too easy to copy’.

The principle of the telescope is similar to that of the micro-
scope, in that the objective lens forms an image, which serves as
an object for the eyepiece and produces a final image which is
inverted. The main difference between the two is that the pur-
pose of the telescope is to look at distant objects, while the
microscope is designed to look at small objects close at hand.

In the refracting telescope the objective is large, to gather as
much light as possible, and has a relatively large focal length.

In Figure 3.23 the eyepiece is a simple convex lens. The
incoming light passes through the focus of the eyepiece, which
forms an inverted final image.

In the Galilean telescope (Figure 3.24), the objective is a con-
vex lens and the eyepiece is a concave (diverging) lens or lens
system.

A concave lens placed inside the focal point F of the objective
acts in the same way as a convex lens placed at or beyond F,

objective lens

\ eyepiece

Figure 3.23 Refracting telescope.
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F is the focal point
of the first lens.

first lens second lens

Figure 3.24 Galilean telescope (the image is upright).

except that the image produced by the concave lens is not
inverted. This has an obvious advantage for terrestrial use.

’

The angular magnification is rE

3.9 A final note on Fermat’s principle

Fermat was ahead of his time in formulating a law of Nature on
the basis of a minimum principle. Some years later Maupertius
(1698-1759) enunciated a more general law, ‘Nature is thrifty in
all its actions’, but this was a somewhat qualitative statement
with much less supportive experimental evidence compared with
Fermat’s principle of least time for light.

The pioneers of generalised classical mechanics

A quantitative mathematical theory was subsequently devel-
oped over a period of a century by Leonhard Euler (1707-1783),
Joseph Louis Lagrange (1736-1813) and William Rowan
Hamilton (1805-1865). It was based on a statement known as
the principle of least action. This principle applied not only to
light but also to all mechanical systems, and stated that every



76 Let There Be Light

system develops with time in such a way that a certain mathe-
matical quantity called the action is a minimum. This forms the
basis of a generalised theory of mechanics, which includes
Newton’s mechanics, and puts it on a more fundamental footing.
We now know that the principle of least action applies also to
relativity theory and quantum mechanics.

Appendix 3.1 The lifeguard problem
To find point P

Let us specify the position of P by its distance x from the foot of
the perpendicular dropped from A, as shown in Figure 3.25.

The total time T for the journey can be expressed in terms
of the fixed parameters v,, v,, h,, h,, and d as well as the
only parameter over which the lifeguard has some control,
namely x:

- Jh? +x? . JhZ+d-x)?
U1 Vg

i : angle of incidence
r : angle of reflection

le— X

water: speedv,

hl
l land: speed v,
h2

< d >
B

Figure 3.25 The lifeguard’s path.
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To calculate the minimum time, set the first derivative of time
with respect to x equal to zero:

dT x ; d-x ;
S Y 5 o 1(7Y 5 - 5 2
dx | Jh? +x2 Jh2 +d-x)?

U1 _ %P

:> —_—
d-x)
V2 B
Y s.1n ! (Formula for the quickest route)
U 2 sinr

The lifeguard will have to calculate the optimum position of
P such that the angles i and r satisfy the above relation!

Note that in the calculation given above we expressed the time
as a function of the variable x and then equated the derivative
dT /dx to zero. This gave us the stationary point of the function

which could be a maximum, minimum or saddle point. To deter-
mine which it is, mathematically, we could obtain the second
derivative and determine whether that is negative, positive or
zero at that point. Physically it is obvious that it is in fact a min-
imum in this example. A more precise statement of Fermat’s
principle refers to stationary rather than minimum values of
the time.

f —> \Y
) o B
h
C Pl
o’ F b
D _ \i "h
- [
u f

Figure 3.26 Principal rays through a convex lens.
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Appendix 3.2 The lens equation

We can use Figure 3.26 to relate object and image distances to
show how the size of the image is related to that of the object.
From similar triangles COO’ and CII":

w_v (3.1)
h u
From similar triangles F’'BC and F'II":

W _v-f

(3.2)
Y 7 [Rays (1) and (2)]

Combining equations (3.1) and (3.2)

uv —uf =vf = uf +uf =uv

Dividing by uv f:

1 1 1
==
u v

(Lens equation)

We can obtain the same result from similar triangles FOO’
and DCF.

Newton’s equation

If we measure distances from the focal point instead of from the
lens, we get a very neat relationship known as the Newtonian
form of the thin lens equation.
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Using Figure 3.26:

Object distance from focus, x = O'F
Image distance from focus, x" = I'F”

h h h x
x f _h f
h" h h" x’
? - ? h o f
=f? (Lens equation in Newtonian form)

Appendix 3.3 Calculating the power of spectacles

(We can assume that the spectacle lens and the eye lens are in
contact.)

A healthy young adult can accommodate the eye so that it
focuses on objects 25 cm away (the near point). The power P of
the fully accommodated eye can be calculated from the lens
equation:

1 1 1

=1+—=—+——4+50 54 diopters
v v 025 0.02

p-1
f

A patient with a sight defect can see objects clearly only
when they are at a distance of between 0.8 m and 2.5 m from his
eyes. What is the power of the lens which will extend his clear
vision to the normal range of 0.25 m to infinity?

The problem here is presbyopia, described in Section 3.6. We
need to prescribe separate glasses for reading and for distant
vision.

Reading. The patient needs spectacles to aid accommodation
and restore his near point to 0.25 m, as illustrated in Figure 3.27.

Normal eye: Fully accommodated power = 54 diopters
(Example 1).
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=~ =0

<+—— 08m —— < 0.25m >

Figure 3.27 Reading glasses (not drawn to scale).

\
|
/

YYVYY

+— 25m —» parallel rays from infinity

Figure 3.28 ‘Distance’ glasses (not drawn to scale).

Patient’s eye:

Fully accommodated power = 1 + 1 = 1 + 1
u v 0.8 0.02

=1.25+50=51.25 diopters.

The spectacles must be fitted with convex (converging)
lenses with a power of 54—51.25 = 2.75 diopters to restore his
near point to 0.25 m.

Distant vision. The normal eye focuses an object at infinity
on the retina when fully relaxed. The defective eye focuses an
object at infinity in front of the retina (it is still ‘too strong’)
when fully relaxed.

Normal eye: ‘Fully relaxed’ power = 50 diopters.

Defective eye:

1 1 1

¢ ’ =—+-—=—+——=>50.4 diopters.
Fully relaxed’ power 2t 257002 iopters

The spectacles must be fitted with concave (diverging) lenses
to restore his far point to infinity, as shown in Figure 3.28. The
power of the lenses is 50 — 50.4 = —0.4 diopters.



Chapter 4

Light from Afar —
Astronomy

When light reaches us after a long, long journey

We begin with the ancient astronomers, who did remarkably
well considering that they had nothing but the naked eye and a
lot of ingenuity to help them! They determined that the earth is
round, and were able to calculate its radius. They progressed to
make calculations of the size of the moon and the size of the sun,
and obtained very good estimates of the distance from each to
the earth.

As measurements became more accurate, astronomers
in the Middle Ages were able to make models of the paths
of the planets in our solar system. The first models were very
complicated, describing the paths of the planets from the
point of view of the earth, which was assumed to be station-
ary, at the centre of the system. Nicolas Copernicus showed
that this model was incorrect and put forward a new model
with the sun at the centre, and the earth and the other
planets in orbit around it.

Light is the messenger which brings us news from other
parts of the universe. No information can travel faster than
light, but the distances are so great that the news is millions
and even billions of years old.

81
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4.1 The earth
4.1.1 Is the earth round?
The earth from the spacecraft Apollo

Modern satellite pictures clearly show that the earth is round.
To the ancient astronomers the shape of the earth was, however,
not at all obvious, but they had both
philosophical and experimental rea-
sons for believing that it is round.

Greek philosophers often argued
that it should be possible to recon-
struct Nature, and its laws, on the
basis of the premise that things exist
and behave in the way that is ‘most
perfect’. The case for a round earth
was made by Aristotle (340 BC),
on a number of such ‘philosophical’
grounds.

Earth. Courtesy of NASA.

4.1.2 Philosophical reasons why the earth
should be round

Symmetry. A sphere is the most perfect geometrical figure.
Nowadays, this might sound like a rather weak argument. One
must remember, however, that symmetry in Nature and in its
laws is still sought as a foundation to physical theories, often
with considerable success.

Gravity. Aristotle postulated that the component pieces of the
earth should seek their natural home at the centre. They are
attracted towards the centre and therefore tend to compress
into a round form. This reasoning seems to be a combination of
both philosophical and physical. About 2000 years later Isaac
Newton formulated his universal law of gravity in a precise
mathematical form, but the fact that things fall obviously had to
be justified since time immemorial.
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General intuition — Zhang-Heng (Chinese astronomer, 78-139)
‘The sky is like a hen’s egg, and is as round as a crossbow pellet;
the Earth is like the yolk of the egg, lying in the centre.’

There seems to be no record of the reasoning behind
this statement, either physical or philosophical. Nevertheless,
it shows artistic expression, typical of the ancient Chinese
civilization.

4.1.3 Experimental evidence that the earth is round
Terrestrial measurement

Eratosthenes (=330 BC) knew that at noon on the first day of
summer the sun was directly overhead at Syene (near today’s
Aswan Dam). Sunbeams shone directly down a deep vertical well,
and were reflected straight
up by the water at the bot-
tom. At exactly the same
time, at his home near
Alexandria, he measured
the sun’s rays to be about
7.5 degrees away from
the vertical. Eratosthenes
knew the distance from
Syene to Alexandria, which
in modern terms is about
500 miles, almost directly
due north. Hence he calcu-
lated the circumference of
the earth, as described in
Figure 4.1.

ARABIA

LIBYA

Astronomical measurement

Of course, the ancients were not in a position to travel into space
in order to observe the earth ‘as others see it’. However, they
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parallel light
from Sun 360° subtends a complete circle
" i 7.5° subtends an arc of 500 miles

' = 360 x 500 miles
' 7.5

= 24,000 miles (~ 40,000 km)

Well at Syene the circumference of the earth

Eratosthenes was pretty close!

C (centre of the earth)

Figure 4.1 The method Eratosthenes used to show that the earth is round.

could examine the shadow cast by the earth on the moon. In this
way the moon could serve as a ‘mirror’ in which we could view
ourselves — or at least examine our shadow! Let us first look at
some properties of the moon and then come back to study the
earth’s shadow on its surface.

4.2 The Moon

The moon is our nearest neighbour in space. It does not emit
light; we see it by reflected sunlight, but we can only see the
part which happens to be illuminated.

4.2.1 The phases of the moon

Ancient astronomers knew that the moon shines by reflected
sunlight, and that it orbits the earth approximately once every
four weeks. We can observe the changing phases, which depend
precisely on how much of the sunny side of the moon can be seen
from the earth at a given time, as illustrated in Figure 4.2.
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(not to scale)

Figure 4.2 The four phases of the moon. Phase 1 (new moon): The sunny side
of the moon is facing away from the earth, and the moon is not visible from the
earth. Phases 2 and 4 (first and last quarters): We see half the illuminated
side. Phase 3 (full moon): The sunny side of the moon is facing the earth. We
see the complete illuminated hemisphere.

4.2.2 A lunar eclipse

Occasionally the moon, or part of
it, is in shadow for a completely
different reason. The sun’s rays
may be obscured because the earth
gets ‘in the way’. This is called a
lunar eclipse. During a total
eclipse there is not quite total
darkness; we see a slight glow due  Lunar eclipse on March 3, 2007.
to sunlight scattered by the earth’s Courtesy of The Irish Times,
dusty atmosphere. Bryan O’Brien.

It might appear that a lunar
eclipse always occurs when there is a ‘full moon’ (phase 3). In
fact, this is usually not the case because the earth, moon and
sun are rarely directly in line. Figure 4.2 is just a representation
in two dimensions, whereas the real situation is one of three
dimensions, as illustrated in Figure 4.3.

Here, however, it can be seen that the plane in which the
moon orbits the earth is not the same plane as that of the
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orbit of earth around the sun

e sun>

orbit of moon around the earth

Figure 4.3 Planes of orbit of the earth and the moon.

orbit of the earth around the sun (the plane of the ecliptic).
The angle between the two planes is about 5°. A lunar eclipse
occurs only when the moon is full and happens to be crossing
the plane of the ecliptic when the sun, earth and moon are in
a straight line.

During a lunar
eclipse the moon
passes across the
earth. From the
shape and size of
the shadow we can
deduce the shape
and size of the
earth. In Figure 4.4,

ow can we see
a full moon when the
earth is in the way?

Figure 4.4 Seeing our own shadow.
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we are looking into space in the direction directly opposite to
the sun. The shadow of the earth stretches out from us directly
in front. The moon comes into view. We see its complete sunny
side — a full moon. As it passes through our shadow it is plunged
into almost complete darkness!

It is remarkable how well the Greeks were able to observe
eclipses of the moon and to make measurements. They also
realised that the size of the shadow was not the same as the size
of the earth, and made the necessary corrections, which we will
describe in the next section.

4.2.3 A solar eclipse

A solar eclipse occurs

when the moon is ‘)
directly in line between
the earth and the sun,

and casts its shadow
on the earth. The situ-
ation is now reversed
in the sense that the

moon obscures the sun

from us rather than the earth obscuring
the sun from the moon. When we are at
the centre of the shadow we experience
almost complete darkness; all light from
the sun is obscured.

During a total eclipse, the sun is
almost completely hidden by the moon,
showing that the angular size (=0.5°) of
the sun and of the moon are approximately
equal when viewed from the earth, as
illustrated in Figure 4.5.

From similar triangles it is clear that mTgtal eclipse of the
the ratio of the diameter of the sun to the sun. Courtesy of Steele
diameter of the moon is almost exactly Hill, NASA.

Will | see my
own shadow
if | look hard

You know
it's a quarter of a
million miles?




88 Let There Be Light

point on earth —

Figure 4.5a Ray diagram of a solar eclipse.

Figure 4.5b Solar eclipse on August 11, 1999. Shadow of the moon on the
earth. Courtesy of Mir 27 crew; © CNES.

equal to the ratio of our distance from the sun to our distance to
the moon. The moon’s shadow on the earth is just a point, or at
least very small compared to the size of the moon or the earth.

The result of a solar eclipse is clearly seen in the photograph
(Figure 4.5b), taken from the Mir space station. It shows the
shadow of the moon, with a diameter of about 100 km, as it
moves across the earth. As the earth rotates, the shadow trav-
els at about 2000 km/h. Had satellites been available to the
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ancient astronomers, they would, one would imagine, have been
impressed!

The moon’s orbit around the earth is not exactly circular,
and the size of the shadow depends on the exact distance of the
moon at the moment of the eclipse. Sometimes the moon may be
just too far, and the rays drawn in Figure 4.7 may meet at a
point above the earth. There is then no region of complete total-
ity on the earth’s surface, and a thin ring of sunlight can be seen
surrounding the moon. Such an occurrence is called an annular
eclipse.

It is interesting to point out a major difference between
lunar and solar eclipses. A lunar eclipse is seen at the same time
from everywhere on the earth. A solar eclipse occurs at different
times along the band covered by the shadow, as the earth
rotates, and the shadow travels across the earth’s surface.

4.3 Sizes and distances
4.3.1 Relative sizes of the sun and the moon

We already have one piece of information from Figure 4.5a in
the previous section, namely:

diameter of the sun distance from the earth to the sun

diameter of the earth  distance from the earth to the moon

This ratio was derived from the fact that the moon and the sun
happen to look about the same size in the sky when viewed
from the earth. The equation itself does not provide any infor-
mation about their actual size, which one is smaller and
nearer and which one bigger and further away. Of course it is
obvious that, since it is the sun which is eclipsed, the sun must
be the more distant object.

Aristarchus (=310-230 BC) devised very clever ways of
determining astronomical sizes and distances. The size of the
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shadow of the earth on the moon was his next clue in a remark-
able chain of logic, and led to a comparison of the actual size of
the earth and of the moon. As we shall see below, this second
step is not quite as straightforward as the first.

4.3.2 The shadow of the earth on the moon

By measuring the time for the moon to go through the earth’s
shadow in a lunar eclipse, Aristarchus estimated that the
diameter of the shadow cast by the earth on the moon is 2%
times the diameter of
the moon.

First piece of infor-
mation: Size of the
shadow of the earth at
the moon = 2.5 X size
of the moon. How is
this related to the size
of the earth itself?

Is the shadow

4.3.3 Shrinking shadows

The size of the shadow cast by an object depends on the direc-
tion of the light rays which illuminate it.

When light comes from an extended source like the sun, the
region of the shadow can be divided into two areas: the umbra,
which is an area not illuminated by light from any point on the
sun, and the penumbra, which is illuminated by light from
some but not all points on the sun (Figure 4.6). Usually, the
umbra is quite well defined and it is that area of complete
shade to which we refer in our discussion of both lunar and
solar eclipses.

The same definitions apply in more common situations, such
as the shade under a parasol on a beach. In most cases, owing
to the brightness of the sun, the penumbra is quite bright and
barely distinguishable from the sunlit area.
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Figure 4.6 Umbra and penumbra.

If the sun were a point source we would expect the shadow cast
by the earth on an imaginary screen situated behind the earth to
spread out as the screen is moved further away from the earth.
However, the sun is an extended source and the size of the
umbra decreases as the screen is moved further away, as we may
see from Figure 4.6. When the angular size of the screen becomes
less than the angular size of the sun, the umbra disappears.

Common experience tells us that a parasol placed too far
above the ground will not cover the whole sun and will offer lit-
tle protection. In practice, scattered light will make it even less
useful!

Reverting to astronomy

When the moon is obstructing the sun, the umbra of the moon’s
shadow has shrunk to a point by the time it reaches the earth.
Similarly, when the earth is in front of the moon, the shadow of
the earth gets smaller by the time it reaches the moon, but
because the earth is bigger, the shadow will not be reduced to
a point.

Comparing shadows

Assuming the sun is so far away that its angular size does not
change over the earth-moon region, the angles of the light rays
from the edge of the sun will be the same in Figure 4.7. Since
the shadow of the moon tapers down to a point over the
earth—moon distance, the diameter of the earth’s shadow will
decrease by the same amount over the same distance. Therefore
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earth
moon

Figure 4.7 Shadows.

the shadow of the earth on the moon is narrower than the actual
size of the earth by about one moon diameter.
Aristarchus was able to conclude that:

Diameter of the earth = size of the shadow of the earth on the
moon + 1 moon diameter
= 2.5 x diameter of the moon + 1 moon
diameter
= 3.5 x diameter of the moon

The circumference of the earth = 40,000 km (Eratosthenes)

40,000

The circumference of the moon = =~ 11,500 km

and the diameter of the moon = 3,650 km.

4.3.4 The distance to the moon

Aristarchus knew that the sun is not a point source. Using the
information that the angular sizes of the moon and the sun as
viewed from the earth are about the same, he made a correction
to take into account the taper of the shadow:

Once we know the actual size of the moon, Figure 4.8 illus-
trates how it is easy to calculate the distance from the earth to
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r=1825 km

Point on earth

tan(0.25° = 1825 .. X =_1825 400,000 km
X 0.00436

Figure 4.8 Distance from the earth to the moon.

the moon from the angle subtended by the moon at some point
on the earth.

4.3.5 The distance to the sun

Just one more piece of information remains to complete the
jigsaw.

We have the absolute size of the moon and its distance from
the earth. If we also knew the ratio of the distance from the
earth to the moon and the distance from the earth to the sun,
everything would fall nicely into place. Aristarchus had a very
clever idea about how to obtain this information:

If we go back to Figure 4.2, which illustrates the phases of
the moon, and look at it more closely, we will see that it is not
completely accurate. When the moon is exactly in its first and
last quarters, the sunny side in each case is tilted inwards
slightly as it faces the sun. The situation is made clearer in
Figure 4.9.

The line from the moon to the
sun is tangential to the moon’s
orbital circle, and the line from
the moon to the earth is a radial
line. They are mutually perpendi-
cular and the marked angles are
each 90°. It is easily seen that the
orbital arc from the first to the

A remarkable
piece of Greek ‘
logic.
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moon (first quarter)

moon (last quarter)
Figure 4.9 Unequal segments (not drawn to scale).

last quarter is longer than that from the last quarter back to the
first. Assuming that the moon moves at a uniform speed, there
will be a difference in time between the two journeys. From this
time difference all the angles in the diagram can be determined,
and hence the ratio of the distance between the earth and the
sun and the distance between the earth and the moon. Once we
know that ratio we have all the information we require.

4.3.6 A practical problem

The argument of Aristarchus is correct, but there was an exper-
imental problem which he was not quite in a position to solve.
As one would imagine, it is very difficult to determine the exact
moment at which the moon is at a given phase. The total time
taken for the moon to go through all four phases is about
30 days. Aristarchus’ visual estimate was that it takes one day
longer to go from the first quarter to the last quarter than from
the last back to the first.

Using the data of Aristarchus, let us follow his reasoning to
calculate the distance of the earth from the sun in terms of the
earth—moon distance:

The total travel time = 30 days; the long segment = 15.5
days; the short segment = 14.5 days.
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ES = distance from the earth to the sun
EM = distance from the earth to the moon

Figure 4.10 The geometry of Aristarchus’ calculations.

The first quarter is 1/4 day early and the last quarter is
1/4 day late.

30 days corresponds to 360° (1 complete revolution), so
1/4 day corresponds to 3°.

This means that size of the angle 6 in Figure 4.10 is 3°.
EM =sin3°=0.05
ES

According to Aristarchus, the sun is about 20 times more distant
than the moon.

While the method was correct, the result (which is extremely
sensitive to the measurement of the time of the phases) was
much too small. We now know that the distance from the earth
to the sun is about 390 times larger than the distance from the
earth to the moon. (The angle 6 is not 3°, but 0.15°.)

Despite the fact that the final experimental answer was out
by a factor of 20, one cannot but be very impressed by the rea-
soning of the ancient astronomers. They started with the one
absolute measurement, made by Eratosthenes — that of the dis-
tance from Alexandria to Syene. There followed the determina-
tion of a series of ratios, from which they determined the sizes
and distances from the earth, of the moon and the sun. All were
nearly correct, except for the distance to the sun. The estimated
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size of the sun, based on this distance, showed the same degree
of inaccuracy.

Aristarchus’ value of the distance to the sun was accepted,
until the late 17 century. He was far ahead of his time; he
even suspected that the sun did not rotate about the earth. He
reasoned that since the earth was much smaller than the sun,
surely it was reasonable for it to orbit the sun rather than the
other way around. This view, as we know, was not accepted for
2000 years.

4.3.7 A summary concerning the earth,
moon and sun

The diameter of the earth is 12,750 km (a modern value, little
different from the value obtained by Eratosthenes).
Relative diameters of the moon, earth and sun.

Object Moon Earth Sun
What the Greeks thought 0.3 1 6
Modern values 0.27 1 109

4.3.8 Astronomical distances

To help obtain an intuitive feeling for these distances, let us con-
struct a timetable for non-stop travel by a Concorde supersonic
aircraft at a maximum cruising speed that is twice the speed of
sound (= 2150 km per hour or Mach 2, as in Table 4.1).

Table 4.1 Some distances and times of travel.

Journey Distance in km At speed of light Concorde (one way)
Around the earth 40,000 0.13 seconds 18.5 hours
Earth—moon 3.84 x 105 1.28 seconds 7.4 days

Earth—sun 1.50 x 108 8.33 minutes 7.9 years
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4.4 The planets
4.4.1 The ‘wanderers’

The Greeks and other ancient cultures observed certain heav-
enly bodies which looked like very bright stars and seemed to
wander across the heavens (as shown in Figure 4.11), unlike
the normal fixed stars which exactly keep their positions rela-
tive to one another. The fixed stars remain in patterns we now
call constellations while these bright objects move along paths
which are certainly not straight lines or curves, and to the
Greeks they were quite puzzling. They called them planets,
from the Greek word for ‘wanderer’. The path shown in the
photograph took about six months to complete. By coincidence
the track of Uranus appears as the dotted line above and to the
right.

4.4.2 Ptolemy’s geocentric model

The Greeks knew of five planets: Mercury, Venus, Mars, Jupiter
and Saturn. They made careful measurements of their paths,
which appeared quite irregular and quite typical of a ‘wanderer’
moving through the skies. As illustrated in Figure 4.11, plane-
tary paths contain loops where the planet changes direction and

Figure 4.11 The path of Mars through the constellations. Courtesy of Tunc Trezel
NASA Astronomy Picture Of the Day 16-12-2003.
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doubles back for a short period, before continuing in approxi-
mately the same direction as before.

Hipparchus of Rhodes (c. 180 BC-125 BC) produced a cata-
logue of about 850 stars which was later expanded by Claudius
Ptolemy (c. 85-165 AD).

Both Hipparchus and Ptolemy were great astronomers and
mathematicians. Considering that their measurements were
made with the naked eye, looking through sighting holes
aligned along wooden sticks, their accuracy was quite astound-
ing. Some of Hipparchus’ data is accurate to within 0.2° of mod-
ern values.

The two astronomers applied their mathematical skills to
the data to produce a model of planetary motion. Ptolemy’s work
comprised 13 volumes which contained the results of many
years of observation. He developed the so-called geocentric
model, according to which the planets were in circular motion
around the earth, each planet once around in its own ‘year’. At
the same time each planet moved in epicycles, or smaller circles
around a point which travelled along the main orbit, as illus-
trated in Figure 4.12.

Ptolemy found that the simple epicycle scheme did not give
predictions which were absolutely accurate, and made adjust-
ments to his model, which made it more complicated. He had to
move the centre of the planet’s orbit a small distance away from
the earth, and the epicycle itself was tilted from the main circle.

planet

‘A good effort,
but is it the best?

Figure 4.12 Ptolemy’s geocentric model of planetary motion.



Light from Afar — Astronomy 99

He finally produced a model which predicted the positions of all
five planets with great accuracy and published his results in a
book called the Almagest, which served astronomers and navi-
gators for many centuries.

While the models of Hipparchus and Ptolemy predicted well
the observed positions of the planets in the sky, they did not
attempt to give a reason for planetary motion. We had to wait
more than 1500 years for that!

4.5 The Copernican revolution

We now move rapidly through history to the 15® century. From
the pseudo-religious point of view, the earth had to be at the
centre of the universe. Natural philosophers, on the other hand,
wanted to establish a model in which the earth, the other plan-
ets and the sun, and their relationship to one another, could be
represented in a simpler and more logical way.

4.5.1 Frames of reference

Whether we realise it or not, all measurements are made with
respect to a frame of reference. We generally to choose a frame
with respect to which we get the simplest description.

Suppose that we want to describe the motion of a reflector
mounted near the rim of a bicycle wheel. Viewed by an observer
standing by the roadside and relating to his frame of reference
with its origin where he is standing, the motion will appear as
a series of cusps, rather like the epicycles of Ptolemy, as illus-
trated in Figure 4.13. However, such a description does not
make it easy, either to visualize what is actually happening to
the reflector, or to formulate the laws of physics which govern
its motion.

A much simpler description is obtained by using a frame of
reference with its origin at the centre of the bicycle wheel
(which travels along with the wheel). As seen in that frame, the
reflector is simply going round and round in a circle. There is
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Figure 4.13 Path of a point on the frame of a bicycle wheel using the roadside
as frame of reference.

essentially no fundamental reason for using one frame of refer-
ence rather than another.

Skipping ahead for a moment to more recent times, Albert
Einstein put forward a formal postulate at the beginning of
the 20% century, that all unaccelerated frames of reference are
equivalent. This formed the first step in his theory of special rel-
ativity, to which we shall come later (Chapters 15 and 16).

4.5.2 Copernicus and the heliocentric model

Nicolas Copernicus (1473-1543), a Polish astronomer, mathe-
matician and physician, and Canon at the Cathedral of Olsztyn,
realised that the difficulties experienced by the Greeks in devel-
oping a model of planetary motion were largely due to the fact
that they were using a most unsuitable frame of reference.
They were constrained by the idea that the earth is the cen-
tre of the universe, and also of the solar system. All measure-
ments had to be made in a coordinate system in which the earth
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was at the origin and stationary. Everything else, including the
sun, the other planets, the stars and the moon, had to revolve
around the earth. Copernicus realised that it would be much
simpler to adopt a heliocentric theory, in which the sun, and not
the earth, is at the origin of our frame of reference. In this frame
the sun is stationary and the planets orbit the sun. The earth is
just one of these orbiting planets.

The idea was not completely original. It had been suggested
more than a millennium earlier by Aristarchus, but dismissed
by his peers on philosoph-
ical grounds. The Greek
philosophers had found it
impossible to accept that
the earth was not at the °
centre of the universe
and Aristarchus’ sugges-
tion seems to have been
dismissed out of hand.

Indeed, there was also
considerable opposition

to the work of Copernicus and later of Galileo on the same
‘philosophical’ grounds. Copernicus’ book De Revolutionibus
Orbium Celestium was not published until the year of his death,
in 1543. Galileo’s confrontation with the Roman Inquisition on
the basis of his ‘heretical’ writings will be described in the ‘his-
torical interlude’ at the end of this chapter.

Once it is accepted that the sun, and not the earth, is at
the centre of the planetary system, the model becomes much
easier to visualise. Copernicus assumed the orbits to be circu-
lar, with Mercury and Venus nearer to the sun than the earth,
and Mars, Jupiter and Saturn in the outer orbits. Using the
then-current astronomical data, he was able to calculate both
the radius of each orbit, and the time taken for each planet to
complete a full orbit. Most of his values agreed to within a
fraction of one per cent of the modern value, an outstanding
achievement.

Which is it then,
the sun orbits the earth
or the earth orbits
the sun??

matter of frame &

of reference ‘

B~
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Figure 4.14 Copernican model of the solar system.

Figure 4.14 represents a simplified version of the model. The
orbits are drawn approximately to scale, but are shown as being
in the plane of the ecliptic. We now know that the orbital planes
of the planets are inclined with respect to the ecliptic, but the
inclinations are small. The greatest inclination is that of the
orbit of Mercury, at 7.0° to the ecliptic.

Copernicus found that, in order to fit astronomical observa-
tions, some modifications were necessary. He had to make some
of the orbits eccentric, and also make some other minor adjust-
ments. Nevertheless the overwhelming feature of the model is
its great simplicity. There is no doubt that the frame of refer-
ence built around the sun as origin gives the clearest description
of the facts and, more important, gives a good framework for the
formulation of the physical laws which govern the motion.

Copernicus identified two characteristic time intervals for
each planet:

Sidereal period: time taken to complete one full orbit of the sun
(sidereal — measured in relation to the stars).
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Table 4.2 Vital statistics for planets known at the time of Copernicus.

Radius of orbit Average distance
Sidereal period (Copernican from sun (modern
Planet (‘planet year’) value, AU) value, AU)
Mercury 88 days 0.38 0.39
Venus 225 days 0.72 0.72
Earth 1 year 1.00 1.00
Mars 1.9 years 1.52 1.52
Jupiter 11.9 years 5.22 5.20
Saturn 29.5 years 9.07 9.54

1 AU (astronomical unit) = 149.6 x 10° km = average distance of the earth from the sun.

Synodic period: time taken to reach the same configuration as
seen from the earth. This is subjective, in the sense that it has
meaning only for an observer on the earth, which itself is in
orbit about the sun.

4.5.3 Where did the epicycles come from?

The reason why the paths of the ‘wandering stars’ appear to be
so complicated becomes apparent when we analyse more closely
the features of the Copernican model.

Copernicus chose the most suitable reference frame because
that used by the people before him simply was not suitable. Take
the path of Mars, illustrated in Figure 4.15 as an example. We are
observing from the earth, which is travelling in an orbit ‘inside’
the Martian orbit, with a ‘lap time’ of one year. Mars, orbiting
further from the sun,
takes 1.9 earth years to
complete a full revolution. ‘)
As the earth ‘overtakes’ *
Mars on the inside, Mars
appears to be moving
backwards, but this is no
longer true away from the

Is that how
racing drivers see
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apparent path 1, Both planets travel _anti-_clockwis.e.
Arrows represent directions of sight
at equal time intervals. The path of
Mars as seen from earth makes a
characteristic loop or epicycle.

of Mars

Mars
orbit

Figure 4.15 The path of Mars, as seen from the earth.

‘overtaking zone’. (Incidentally, we can see Mars in the middle of
the night with the sun ‘behind us’, and therefore the orbit of Mars
must be outside the orbit of the earth. Conversely, we can only see
Mercury and Venus at sunrise or sunset, when they are in the
direction of the sun relative to the earth.)

4.6 After Copernicus

Tycho Brahe (1546-1601), who became known for his very accu-
rate astronomical observations, set out to test the theory of
Copernicus. He reasoned that, if the earth really was in orbit,
we had the advantage of observing the sky from points seper-
ated by vast distances. The pattern of distant stars should
appear different, when observed from diametrically opposite
points on the orbit.

Brahe presumed that since some of the distant stars must be
further away than others, the effect of parallax would alter their
relative positions as seen from points at opposite ends of the
diameter of the earth’s orbit. Despite his high accuracy he could
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not detect any evidence of parallax, and concluded that either
the theory of Copernicus was wrong or the distance to the dis-
tant stars was too large for parallax to be measurable.

Looking back with hindsight:
Why Brahe did not see any parallax?

Beyond our own solar system the distance to the nearest star
(Proxima Centauri) is 4.3 light years (272,000 AU) and the
diameter of the earth’s orbit is about 2 AU.

_earth1

Figure 4.16 Why there is no parallax.

If Figure 4.16 were drawn to scale, the distance to Proxima
Centauri would be about 1.5 km. What Brahe was attempting
to do can be compared to trying to detect parallax between
objects more than 1 km away by
‘waggling’ your eye back and forth
through 1 cm.

Johannes Kepler (1571-1630), a
former assistant to Tycho Brahe,
inherited his astronomical records.
In 1609 he published a book entitled
The New Astronomy, in which he
descibed his mathematical analysis
of the planetary system. He showed
that the reason why Copernicus had
found it neccesary to make small
adjustments to his model was not
that there was a basic fault in the Johannes Kepler
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model, but that the paths of the planets were not circles, but
ellipses.

Kepler’s discovery

Kepler tried to find a relationship between the size of the orbits
of the planets and their orbital speeds. By trial and error, he
finally found a formula which gave correct results for the six
planets known at that time:

Kepler’s first law: The orbit of a planet about the sun is an
ellipse*, with the sun at one focus.

Kepler’s second law: A line joining the planet to the sun sweeps
out equal areas in equal times.

Figure 4.17 Kepler’s second law.

According to Kepler’s second law, the areas ASB and DSC
are equal if the times for the planet to go from A to B and from
C to D are equal. This means that AB must be greater than CD,
and therefore the orbital speed is higher when the planet is
nearer to the sun.

The eccentricity* is greatly exaggerated in Figure 4.17. As
an example, the eccentricity of the earth’s orbit is 0.017, which
means that the major axis is just 1.00014 times longer than the
minor axis.

Kepler’s third law: The square of the sidereal period of a planet
is proportional to the cube of the semi-major axis.

* For further information see Appendix 4.1, ‘Mathematics of the ellipse’.
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The ratio T2 / a? is constant for all planets.

The value of the constant of proportionality depends on the units.

If T is expressed in years and a in astronomical units,
T?/a® = 1.

Kepler was fascinated by this formula and tried to relate it
to some property of harmony among the heavenly bodies. He
even speculated that these harmonies represented celestial
music made by the planets as they travelled in their orbits. One
fact was beyond contention: the formula described the relation-
ship between the period and the radius of orbit with great accu-
racy. The values of T'%a® for each planet are equal to or better
than 1%, as seen in Table 4.3.

Table 4.3 Kepler’s third law in action.

Sidereal period  Semi-major

Planet T (years) axis a (AU) T? a? T%a?
Mercury 0.2408 0.3871 0.0580 0.0580 1.0

Venus 0.6150 0.7233 0.3782 0.3784 0.999
Earth 1.0000 1.0000 1.00 1.00 1.0

Mars 1.8809 1.5237 3.54 3.60 0.983
Jupiter 11.86 5.2028 140.66 140.83 0.999
Saturn 29.46 9.588 867.9 881.4 0.985

Galileo Galilei (1564-1642)
When Galileo heard of the

construction of an optical , Could this be a
@ coincidence?
arrangement of lenses by

Hans Lippershey which Most unlikely
made distant things look there must be a
large and close, he imme- law behind it.

diately set about making

-
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his own telescopes. In a letter dated August 29, 1609, about this
new invention, Galileo wrote: ‘I undertook to think about its fab-
rication, which I finally found, and so perfectly that one which I
made far surpassed the Flemish one.’

He stepped up the magnifying power of his telescope from
about 6 to 30, and used it to make astronomical observations,
which he described in his book Message from the Stars, pub-
lished in 1610.

Using his telescope, Galileo was able to see mountains and
craters on the moon, and was even able to estimate the heights
of the mountains from their shadows; the stars appeared
brighter and were much more numerous but still appeared to
be point objects. (Even the most powerful modern telescopes
cannot magnify the images of most stars beyond anything more
than point objects.) In contrast to the stars, the planets were
seen as bright discs, and Galileo was able to distinguish the
‘sunny side’ of Venus, and show that the planet exhibits phases,
just like the moon.

This latter observation he described thus: ‘I discovered that
Venus sometimes has a crescent shape just as the moon does.’
This discovery may seem inconsequential, but in fact was criti-
cally inconsistent with the geocentric model of the universe. In
this model Venus was always between us and the supposed orbit
of the sun. Accordingly, we should never be able to see its entire
illuminated surface. On the other hand, the observed phases of
Venus were in good agreement with the Copernican model, in
which Venus orbits the sun in the same manner as the moon
orbits the earth. Galileo announced his conclusion in cryptic
fashion, which literally translated states:

“The Mother of Love (Venus) imitates the phases of Cynthia
(the Moon).’

The moons of Jupiter

Perhaps the most dramatic of Galileo’s discoveries was that four
moons orbit Jupiter, just as our moon orbits the earth. He was
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Table 4.4 The moons of Jupiter (modern measurements).

Sidereal Mean dist.
period a from T2
Moon T (years) T? Jupiter (AU) a® a?
To 4.84 x 1073 23.43 x 1078 2.818 x 103 2.238 x 107® 1.047 x 103
Europa 9.72 x 1073 94.48 x 1078 4.485 x 103 9.028 x 107® 1.047 x 103

Gannymede 19.59 x 107 38.38 x 10 7.152 x 10 3.658 x 107" 1.049 x 10°
Callisto 45.69 x 10 20.87 x 10™* 1.257 x 10 1.986 x 10° 1.051 x 10°

able to make an estimate of the relative sizes of their orbital
radii and orbital times. When he communicated his results to
Kepler, the latter immediately realised that his third law also
applies to Jupiter’s moons, although the proportionality con-
stant is different. His mysterious law seemed to apply generally,
right across the Universe! Galileo’s measurements were not
very accurate, but modern observations have confirmed this
remarkable result, as shown in Table 4.4.

The same units of length and time have been used in
Tables 4.3 and 4.4 to facilitate comparison.

Galileo was now more convinced than ever that the
Copernican theory must be right. Here was another heavenly
body, Jupiter, around which things were in orbit. The earth was
not the only centre of a planetery system. Our moon was in orbit
around us, but that was all. The sun, and the rest of the uni-
verse, did not revolve around us!

Checking numbers

Edward Barnard discovered the fifth moon of Jupiter in
1892. Its sidereal period is 0.498 days and its orbital radius is
181,300 km.

Let us check whether this moon also obeys Kepler’s law.

181,300 km = 1.2120 x 10 AU  ¢®>=1.780 x 10°°
0.498 days = 1.3634 x 103 years T?%=1.859 x 10
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The value of T'%a? is 1.044 x 103, which is in very good agree-
ment with the values shown in Table 4.4.

A total of 13 moons are now known
to orbit Jupiter. The 8 moons discovered
since Galileo’s time are much smaller
than the Galilean moons, but every sin-
gle one of them obeys Kepler’s law. Io is
3600 km in diameter and orbits Jupiter
every 42 hours at a mean distance of
420,000 km from the centre of the
planet. A close-up picture of Jupiter’s
Transit of Io across moon lo, taken from the spacecraft
Jupiter. Courtesy of Galileo, shows Io casting its shadow on
NASA/JPL/University of ~the surface of Jupiter as it orbits the
Arizona. massive planet.

4.7 The solar system in perspective

In comparison to the dimensions of the earth, the dimensions of
the solar system are vast. The sun has a mass that is 300,000
times the mass of the earth, and the furthest known planet,
Pluto, is about 40 times further from the sun than the earth.
Still, in the perspective of our entire galaxy, this is very much a
‘local neighbourhood’. Our local galaxy, the Milky Way, contains
many billions of stars, some of them much bigger than the sun.
Some stars have planets but, with present techniques, we have
no way of seeing them and can only infer their presence indi-
rectly (see Chapter 7). The star Proxima Centauri, our nearest
stellar neighbour, is about 4 light years away, and it may also
have planets too small to be detected, even indirectly, with cur-
rent techniques.

The Milky Way belongs to a class of galaxies which are
described as spiral, with a shape roughly that of a disc with spi-
ral arms. The diameter of the disc is about 100,000 light years
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and the sun is situated
about 30,000 light
years from the centre of
the galaxy, in one of the
spiral arms. The total
mass of the galaxy has
been estimated to be
150 billion times the
mass of the sun. NGC7331. Courtesy of NASA /JPL-Caltech.
(Compare that to the
diameter of our solar system, which is about 10 light hours, or
the diameter of the earth’s orbit, which is 16 light minutes.) The
image of NGC7331 (often referred to as the ‘twin’ of the Milky
Way) shows how our galaxy might look to an extra-galactic
viewer millions of light years away.

On a clear night, the Milky Way may be seen as a broad
band of stars across the sky.

The Milky Way as seen from Death Valley, California.
Courtesy of Dan Driscoe, US National Park Service.

According to Albert Einstein, no information can travel
faster than the speed of light. The news of the rise and fall of the
Roman Empire has travelled barely 1/50 th of the way across
our galaxy. If anyone is observing us from outside the Milky
Way, they see the earth as it was before the arrival of Homo
sapiens!
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A historical interlude: Galileo Galilei (1564-1642)

Galileo was born in Pisa on February 15, 1564 (the same year as
William Shakespeare). His family was of noble ancestry, but modest
means. His father, Vincenzio, was a musician who made a number
of discoveries about stringed instruments, which Galileo was later
to incorporate into his own work. It was the wish of his father that
he embark on a ‘real’ career as a doctor, rather than pursue his
interest in mathematics, so the young Galileo enrolled in medical
school at the University of Pisa. He never finished his medical
studies, and left without obtaining a degree, reverting to teaching
mathematics, privately in Florence.

Galileo was a determined and sometimes pugnacious character,
red-haired and of stocky build. He was loyal to his friends, but was
not known for suffering fools gladly. He was also known for writing
verses about both his colleagues and his enemies. These verses
were often funny, but sometimes also scurrilous.

At the age of 25 Galileo was appointed to a teaching post in
mathematics in Pisa. It was badly paid and he did not enjoy the
work. One of his duties was to teach Euclidean geometry to
medical students, so that they could understand the then-standard
geocentric model of the universe, in which the earth was stationary
at the centre, with the sun and planets moving in complicated paths
around it. Students of medicine were required to study astronomy
so that they could apply this knowledge to astrology and use it in
their medical practice.

One might safely assume that Galileo had no time for astrology,
but what made the situation more ironic was that he did not believe
in the geocentric model. Galileo followed the theories of Copernicus,
at that time considered to be unsound and even heretical. In 1543,
Copernicus had published De Revolutionibus Orbium Celaestium, a
book in which he put forward a heliocentric theory of the universe, in
which the earth and planets orbit a stationary sun.

In 1592, Galileo was appointed as Professor of Mathematics
at Padua, where he spent the next 18 years of his life. Not only was
he a mathematician, but he also had a great talent for practical

(Continued)
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inventions. Some of these (such as a
high precision balance to measure
the density of precious stones and
what would now be called an ana-
logue computer for military use,
invented in 1597) have been pre-
served at the Accademia Cimento in
Florence. He lived with his common
law wife, Marina Gamba, and their
son and two daughters. Those were
the best years of his life and it is
thought that the foundations of much
of his work were laid at that time.

In 1610, Galileo moved to

Florence, on foot, after receiving an Courtesy of An Post, Irish
invitation from Grand Duke Cosimo Post Office.
Il, who had been one of his pupils, to become ‘court mathematician
and philosopher’. The duke had made him an offer he could not
refuse. His salary was to be five times that at Padua and there
would be very little teaching. Galileo abandoned Marina Gamba and
placed his daughters in the care of a convent at Arcetri, some dis-
tance from Florence.
Remarkably, his elder
daughter, Virginia, was to
become his greatest sup-
porter during the troubled
times in his old age.

Galileo pioneered the
application of mathemati-
cal argument to observa-
tion and to experiment.
Hitherto, the authority
of Aristotle had been
entrenched in philosophi- Galileo facing the Roman Inquistion,
cal discussions on the painting by Cristiano Banti.
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cosmos. It was believed that the Ptolemaic system of a fixed earth at
the centre of the universe was endorsed by the Bible with certain
passages. One example is Joshua 10: 12—-14: ‘God caused the sun
to stand still in response to Joshua’s prayer’. The church authorities
in Rome went so far as to condemn the works of Copernicus, stat-
ing that ‘the doctrine that the earth moves around the sun and that
the sun is at the centre of the universe, and does not move from east
to west, is contrary to the Holy Scriptures, and cannot be defended
or held'.

In 1616 Pope Paul V, Cardinal Bellarmine, called Galileo to his
residence, warning him not to defend the Copernican theory and not
to discuss it orally or in writing. However, in 1624, having met the at
first seemingly more liberal Pope Urban VIII, a compromise was
reached in which Galileo was allowed to write about the theory, as
long as it was treated purely as a mathematical hypothesis, and did
not represent ‘the actual construction of the universe’.

In 1632, Galileo published his Dialogue Concerning the Two
Chief World Systems. Written in his typical satirical manner, it
depicted a discussion between three people regarding the relative
merits of the models of Ptolemy and Copernicus. The case for
Copernicus was argued most convincingly by Salviati, an intellec-
tual who spoke for Galileo. Sagredo was a wealthy nobleman, an
interested onlooker who was seeking the truth. Simplicio, an
Aristotelian philosopher who defended the theories of Ptolemy,
was portrayed as not being very bright and using arguments which
were not only weak but also included word-for-word statements
made by Pope Urban VIIl. The Dialogue was not well received in
Rome, and Galileo was summoned to appear before a tribunal of
the Inquisition in 1633. Although the Inquisition did not have the
power to force him to comply, Galileo voluntarily went to Rome to
appear before the tribunal.

The tribunal concluded that the idea that the earth moves was
absurd and erroneous, if not actually blasphemous, and Galileo was
ordered not to discuss the theory in writing or in speech. He was
confined to his villa in Arcetri under what we now call house arrest,

(Continued)
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ordered to recant his ‘errors’, and forbidden to publish any further
writings. As he was by then 70 years of age, the inquisitors must
have thought that he was unlikely to continue to give them further
problems. They were underestimating the resolve of this man, who is
said to have muttered as the verdict was announced ‘Eppuor si
muove’ — ‘All the same it moves'.

Galileo’s sharp style and cynical wit come through clearly, even
in English translation. His scant regard for some of his adversaries is
echoed in his words: ‘I have taken the Copernican side of the dis-
course against the arguments of the Peripatetics’. These men indeed
deserve not even the name, for they do not walk about, they are con-
tent to adore the shadows, philosophising not with due circumspection,
but merely from having memorised a few ill-understood principles.’

The three debaters

‘Many years ago | was to be found in the marvellous city of Venice,
in discussions with Signore Giovanni Francesco Sagredo and
Signore Filippo Salviati, in the presence of a certain Peripatetic
philosopher whose greatest obstacle in apprehending the truth
seemed to be the reputation he had acquired by his interpretations
of Aristotle. | have resolved to make their fame live on these pages
by introducing them as interlocutors in the present argument.

The discussion centres on the question whether the earth
moves, or stands still at the centre of the universe. The argument of
Simplicio is that if the earth were moving, this would be noticeable
because falling objects would not fall perpendicularly, because thier
motion would be compounded of ‘both transverse and perpendicu-
lar’. Salviati proposes a very interesting experiment:

¥ (1) One who walks from place to place, an itinerant; (2) a follower of
Aristotle, who gave his instructions while walking about in the Lyceum
in Athens.

(Continued)
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‘Shut yourself up with some friend in the largest room below
decks of some large ship, and there procure gnats, flies, and such
other, small winged creatures. Also get a great tub full of water and
within it put certain fishes; let also a certain bottle be hung up, which
drop by drop lets forth its water into another narrow-necked bottle
placed directly. Having observed all these particulars as long as the
vessel stands still, how the small winged animals fly with like veloc-
ity towards all parts of the room, how the fishes swim indifferently
towards all sides, and how the distilling drops all fall into the bottle
placed underneath, now make the ship move with what velocity you
please, so as the motion is uniform and not fluctuating this way and
that. You will not be able to discern the least alteration in all the
above-mentioned effects, or gather by any of them whether the ship
moves or stands still.

Many of the passages are entertaining, and often amusing,
showing the fascination of the mysterious action of gravity. Salvatio:
‘If from the top of a tower you let fall a dead bird and also a live one,
the dead bird shall do the same as the stone does, it shall first
follow the general diurnal motion, and then the motion of descent,
just like a stone. But if the bird be let fall alive, the difference is that
the stone is moved by an external projector, and the birds by an
internal principle.’

The controversy did not affect Galileo’s religious beliefs. He felt
that the Bible was intended to be understood by common people,
and that it was pointless to try to read advanced physical theories
out of its pages. A few months before the final trial he wrote to his
friend Ella Deliati: ‘Nobody will maintain that Nature has ever
changed in order to make its works palatable to men. If this be the
case, then | ask why it is that, in order to arrive at an understanding
of the different parts of the world, we must begin with an investiga-
tion of the Words of God, rather than his Works. Is then the Work less
venerable than the Word?’

During the final period of his life Galileo was nominally under
house arrest, but this did not debar him from settling at a place of his
choice. He remained at Alcetri to be near his daughter Virginia, who

(Continued)
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now proved to be a great support. Sadly she died in 1634, as he was
becoming increasingly ill and feeble. Nevertheless, he still managed
to write what turned out to be perhaps his greatest book, Two New
Sciences Dialogue. Salvati, Sagredo and Simplicio remain as central
characters, but they have changed. Simplicio is no longer the stub-
born fool, but represents Galileo’s own thinking when he was young,
Sagredo his middle period and Salvati his mature reflections. They
are discussing the motion of objects and the properties of matter; in
fact many ideas form the starting points of what was to constitute
Newtonian dynamics.

The two new sciences depicted by Galileo were the science of
motion and the science of materials and construction. Galileo ques-
tioned the ideas of Aristotle, regarding objects falling to earth.
Aristotle’s ‘explanation’ was that this was the motion of things seek-
ing their natural place in the centre of the earth. He also asserted
that heavier objects fall faster as their attraction towards their natu-
ral habitat is more intense. In the course of the discussion, Salviati
makes the following observation:

‘I greatly doubt that Aristotle ever tested by experiment whether it be
true that two stones, one weighing ten times as much as the other, if
allowed to fall at the same instant, from a height of, say, 100 cubits,
would so differ in speeds that when the heavier had reached the
ground, the other would not have fallen more than 10 cubits.’

Since Galileo was not allowed to publish his writings in Italy,
the manuscript was brought to Holland, and published in Leiden
in 1638.

This was the beginning of a new era of science. The world is not
constructed in the manner one might assert it should be con-
structed, even if that assertion is made by an authority, no matter
how much that authority is revered. The laws of nature must be
discovered and tested by experiment. Whether or not Galileo’s
experiments were carried out, as legend says, at the leaning Tower
of Pisa, is not clear, but he did test the laws of gravity in many

(Continued)
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carefully controlled experiments with smooth polished spheres of
different weights rolling down inclined planes and found no discrep-
ancy in the results.

Galileo died in 1642, the same year that marked the birth of Isaac
Newton, who was to make the well-known statement ‘If | have seen fur-
ther than most men, it is by standing on the shoulders of giants’. Galileo
Galilei was undoubtedly one of those giants.

Appendix 4.1 Mathematics of the ellipse

The ellipse can be defined mathematically in a number of
ways, so we will choose the definition which is most relevant
physically:

An ellipse is the locus of a point that moves so that the sum
of its distances from two fixed points is constant. The two fixed
points are called the foci of the ellipse.

Fy F,

F,P + PF, = constant

Figure 4.18 Properties of an ellipse.

This property can be used as a simple method to draw the
ellipse. Fix two pins at the foci, and place a loop of thin string
over them. With a pencil point pull the string taut, forming a tri-
angle. As the pencil is moved over the paper around the pins,
keeping the string taut, it will trace out an ellipse.

The eccentricity describes the elongation of the ellipse. The
smaller the eccentricity, the nearer the foci are to each other,
and the more it resembles a circle. For e = 0 the foci coincide at
the centre of the circle.
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minor axis P major axis

e = eccentricity

Figure 4.19 The eccentricity of an ellipse.

From the definition of the ellipse (Figures 4.18 and 4.19),

F,P + PF, =const =F; X + XF, =(a +ae)+(a —ae) =2a

From symmetry,

In triangle OPF,,

bZ

a2

b2+ @) =a?> = 1-e?

The ellipse is a closed conic section where the ratio

semi-minor axis 1_ o2
= —e

semi-major axis
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Chapter 5

Light from the Past —
Astrophysics

When Isaac Newton discovered the law of gravity, and that it
applies equally to matter, whether on the earth, the moon or
anywhere else in the universe, a completely new chapter was
opened. It became possible to calculate the orbits of planets,
even to predict the existence and motion of hitherto unseen
planets. The science of astrophysics was born.

It now became possible, using the laws of physics, to trace
the history of the universe back to the original ‘big bang’. It was
later realised that the function of light as a messenger extended
to bringing news of the first moments of the universe, when
massive energy was released in the form of electromagnetic
radiation which is still around us.

The laws of physics predict and explain other exciting
things — among them the collapse and death of stars, seen as
explosions of supernovae, and the existence of pulsars and even
of ‘windows’ out of our universe, or ‘black holes’.

5.1 The birth of astrophysics

So far we have been dealing with the science of astronomy — the
study of the heavenly bodies and of their motion. Fascinating as
has been the discovery of the order and organisation of the solar
system, we have not asked the questions: Why do the planets
move as they do? Why do they move at all? Is there any expla-
nation of Kepler’s laws, in particular the extraordinary relation
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between the orbital radii and the orbital periods? The answers
to these questions fall into the domain of astrophysics.

5.1.1 Isaac Newton and gravitation

Isaac Newton (1642-1727) is very well known, throughout the
scientific world and outside it, for his formulation of the
mechanical laws of motion. His
first law states that an object
continues in a state of rest, or
uniform motion in a straight
line, provided that it is not sub-
ject to the action of a force.
We now know that the
earth, the moon and the other
Courtesy of La Poste Monaco. planets are all in motion but not
in a straight line. If we assume
that Newton’s laws of motion hold not only for terrestrial but
also for astronomical objects, then the earth, moon and planets
must be under the influence of a force, which somehow seems to
act at a distance. This force must be exerted on the earth and the
other planets by the star they orbit, i.e. the sun. Similarly, the
earth and other plan-
ets must exert forces
on their respective
moons. The existence
of action at a distance
cannot be denied.
The force of grav-
ity may have lost
some of its mystery,
because it is so famil-
iar from childhood.
We start experiments
on gravity at an
An early experiment with gravity. early age by dropping
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things. Let it go, and it goes by itself. There are no strings, nothing
visible is pulling it — truly a mysterious ‘action at a distance’

5.1.2 Falling without getting nearer

It is said that Newton got the brilliant unifying idea whilst
watching an apple fall from a tree. Perhaps the force which
causes the apple to fall is the same force as that which keeps the
moon in orbit? Perhaps every particle of matter in the universe
attracts every other particle according to some law which
applies everywhere? Perhaps the moon is falling too, but falling
without getting nearer?

The ski-jumper is falling from the moment he starts his jump,
but at first his height above ground will not decrease as the slope
makes the ground recede faster than he is falling, as illustrated
in Figure 5.1. This will not last, of course, and after a short time
he will begin to lose height more and more rapidly — until,

Figure 5.1 How can you fall without getting nearer?
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hopefully, he makes a soft landing! How long he stays in the air,
and how far he goes, will depend on his velocity at take-off.*

Now consider an imaginary ‘super-athlete’ who goes so
fast that his jump takes him right over the horizon! If his
speed is just right (equal to the orbital velocity at that partic-
ular orbital radius), his flight path will be such as to match
exactly the curvature of the earth. The ground will keep
‘falling away’ from him at the same rate as that at which he
falls towards it, as seen in Figure 5.2. His jump will never
come to an end — he will literally ‘go into orbit’, and continue
in orbit for ever! He will keep on falling, without getting
nearer to the earth.

Newton realised that if the force of gravity extends to where
the moon is located, it too would be falling. That it does not
crash to the earth could be explained by the fact that it moves

Figure 5.2 The super-athlete keeps falling for ever.

* We are ignoring the buoyancy and viscosity of the air, which may be quite
significant in ski-jumping but do not play a role in the main argument.
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in orbit like our super-athlete. It has its own orbital velocity and
its own orbital plane.

5.1.3 The mystery of gravitation

The earth seems to exert a mysterious action at a distance.
Whether on the apple ripening on a tree or on the moon
384,000 km away, Newton made no hypothesis as to how this
action might be transmitted, but the fact remained that a force
was exerted by the earth on all objects.

Newton extended this notion beyond forces involving
the earth, and made a general statement that every mass in the
universe attracts every other mass. Just by existing, every piece
of matter creates around it an area of influence or gravitational
field, which extends indefinitely into space. This influence gives
rise to a force of attraction on every other particle of matter which
happens to be there. This influence never ceases, or becomes
‘used up’. It is a mysterious property of matter in our universe.

5.1.4 Newton’s law of gravitation

Newton then proceeded to construct a universal formula for the
gravitational force, based on simple, logical argument. He pos-
tulated that the force of attraction between two point masses
separated by a distance d is given by the expression

F=G % (Newton’s universal law of gravitation)

Things to note about Newton’s law of gravitation:

1. The force is proportional to the masses, defined on the
basis of Newton’s second law of motion, i.e. on the basis of
their inertia. For example, a mass which has twice the
inertia of another mass will also exert twice the gravita-
tional attraction.
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Figure 5.3 The logic behind an inverse square law.

2. The force obeys an inverse square law, i.e. decreases
inversely as the square of the distance. This is a likely rela-
tion given a field of influence which spreads uniformly in
three dimensions, as shown in Figure 5.3.

3. The force is independent of the nature of the mass. The
attraction of a mass of aluminium is exactly the same as
that of an equal mass of cheese.

4. The force cannot be shielded, and does not depend on
whether there is a vacuum or an intervening medium
between the masses, except in so far as the intervening
medium itself will exert gravitational attraction.

5. Finally, and perhaps most important, the constant G is
universal and applies equally to all masses in the universe.

5.1.5 Testing the law
Acceleration due to gravity at the earth’s surface

Without doubt the best-known experimental result on
gravitational attraction is that discovered by Galileo,
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namely that all objects fall with the same acceleration,
g =98 ms™2

The story (probably historically inaccurate) goes that Galileo
dropped different weights from the leaning tower of Pisa, and
found that all hit the ground at the same time, in contradiction
with the Aristotelian belief — which had been widely held for
more than a millennium — that heavier objects fall faster than
light ones.

Galileo’s result is a R
direct consequence of the
universal law. At a given
distance from the centre of
the earth, for example at

the surface, as shown in M

Figure 5.4, a mass m expe- earth

riences a gravitational

force of magnitude F

(which we call its weight): Figure 5.4 The earth’s gravity.

Mm

r2

F=G

If g is the acceleration due to gravity, then

GM;n =mg
r
:g:GM;n
r

The law predicts that g is independent of m.

All objects at the same distance from the centre of the earth
fall at the same rate.
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David Scott takes samples
on the lunar surface.
Courtesy of NASA.

In a vacuum, a feather falls just
as quickly as a stone. This was most
memorably demonstrated in 1971
by David Scott, commander of the
Apollo 15 lunar mission, as he stood
on the surface of the moon and let fall
a falcon feather and a hammer. An
almost equally convincing, if less
spectacular, demonstration may be
set up without going to the moon or
even to Pisa, using an evacuated
glass tube.

The acceleration of falling objects
at the surface of any star or planet

is equal to GM/r?, where M is the mass and r is the radius
of the star or planet. So, for example the mass of the moon,
M = 7.36 x 10?2 kg, and its radius r = 1.74 x 10°* m giving a
value of g = 1.62 ms?2 on the moon’s surface. Despite his mas-
sive spacesuit, Commander Scott walked quite freely; the
hammer and feather fell together, but accelerated six times
more slowly than on earth. On Jupiter, which is approximately

Welcome to Jupiter
wution! Look out for fast falling objects, g = 25.9
(G has standard universal value)

G is universal but g is a local condition.
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318 times more massive than the earth and has a radius about
11 times larger, the value of g is about 25.9 ms™2.

5.1.6 Acceleration of the moon towards the earth

As we have seen in the previous chapter, Newton knew that the
radius of the moon’s orbit about the earth, R = 3.8 x 108 m, or
approximately 60 times the radius of the earth.

Knowing that an apple near the surface of the earth falls
with an acceleration g = 9.8 ms? he could now calculate
the value of g~, the acceleration due to earth’s gravity at the
distance of the moon:

2
8 _ (6‘);) 360028’ =0 —2.7x10ms™
P 3600

This is the rate at which the moon is ‘falling’ (accelerating)
towards the earth.

R=3.8x108m

\
earth C{

Figure 5.5 Value of the earth’s gravity at the moon.

5.1.7 The period of the moon’s orbit

Once he knew the rate at which the moon is falling, Newton
could calculate its orbital period using his own mechanical
laws of motion. An object in circular motion experiences an

2
acceleration = % towards the centre of the circle. Assuming
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that acceleration is the result of the gravitational force of the
2
v
th, g’ =—
earth, g 7
v =2.7x1072x3.8x10% =1013 ms™*

The period of the moon’s orbit

2R 3x108
21 3
v 1.013x10

=27.3 days,

in good agreement with observation.

5.1.8 Explanation of Kepler’s laws

Newton realised immediately that all of Kepler’s laws can be
derived from his own universal law of gravitation.

All of the results of experimental observation were justified
on the basis of Newton’s mechanical laws. The relative peri-
odic times of the planets, and of the moons of Jupiter, became

understood.
2
The constant values of F in Tables 4.3 and 4.4 were not a

coincidence, but made sense (see Appendix 5.1).
No wonder Newton made the celebrated statement

All the mechanisms of the universe at once lay spread
before me.

5.2 The methods of astrophysics
5.2.1 The moon and the falling apple

By applying his laws of mechanics and gravitation to outside the
earth, Newton established the principle that the same laws
govern phenomena everywhere. The apple falling from the tree,
the earth orbiting the sun, the moons of Jupiter, are all subject
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to exactly the same laws of nature. Gravitational forces keep us
in orbit, just at the right distance from the sun to give conditions
suitable for life. Gravitational forces govern the motion of all
the stars in the galaxy, and even the motions of the galaxies
themselves.

The same principle was soon extended to other forces and
other physical laws. Electromagnetic and nuclear forces all have
their parts to play in the running of the universe. The sun is
powered by nuclear fusion, its heat energy transported away in
all directions by electromagnetic waves, subject to the laws of
electromagnetism.

5.2.2 Predicting the existence of new planets

In 1781 William Herschel (1738-1822) of Bath, England,
using a homemade 10 ft telescope, discovered a new planet,
Uranus, about twice as far from the sun as the then-outermost
known planet, Saturn, and with an orbit of about 84 years.
Perhaps the most interesting thing about Uranus was that sub-
sequent careful measurements showed that it was ‘misbehaving’,
by not quite following the path predicted by Newton’s law of
gravitation. Even when the perturbing forces of the other plan-
ets had been taken into account, Uranus did not follow exactly its
schedule worked out by the most careful Newtonian calculations.

One possible suggested explanation was that Newton’s law
of gravitation did not hold exactly at distances as large as the
distance from Uranus to the sun. Such an explanation could be
accepted only as a last resort. Destroying, as it would, the belief
in the universal nature of the law of gravitation, it would be a
huge setback to natural philosophy.

Why is Uranus ‘misbehaving’?

John Couch Adams (1819-1892), a student of mathematics at
Cambridge, undertook a very difficult mathematical task based
on the assumption that another, as-yet-undiscovered, planet
was orbiting outside Uranus. One can imagine the magnitude of
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the task of explaining the observed perturbations of the orbit of
Uranus on the basis of three-dimensional calculations involving
an unknown mass in an unknown elliptical orbit.

The calculations were, nevertheless, completed by Adams in
September 1845, at which time he presented his result to
George Airy (1801-1892), his professor at Cambridge, and then
to James Challis, director of the Greenwich Royal Observatory.
With all the confidence of youth, he proposed that “should they
point their telescopes in a certain direction at a certain time
they would observe a new planet hitherto unknown to man”. As
Adams was young and unknown, his suggestion was not taken
seriously at Greenwich.

Neptune is there!

Shortly afterwards, Jean Joseph Le Verrier (1811-1877), working
in France, quite independently published a result very similar to
that of Adams. In his case, however, he wrote to Johann Gottfried
Galle, the head of the Berlin Observatory, where he was taken seri-
ously. Galle himself looked, apparently within an hour, and found
the predicted planet. Thus another planet, Neptune, was added to
the solar system in October 1846. This was a triumph for Newton’s
theory. Any doubt that the theory was universal evaporated.

This is a classic example of predicting an as-yet-undiscov-
ered phenomenon. In this case, confirmation followed almost
immediately. The existence of the planet was inferred inde-
pendently by Adams and Le Verrier, with no instruments other
than pen and paper. Le Verrier’s work has been recognised with
the naming of a lunar crater, Crater Le Verrier, and a street
(Rue Le Verrier) in Paris.

Pluto

In more modern times, using the sophisticated telescopes of the
20" century, additional perturbations were found in the motion
of both Uranus and Neptune, leading to the hypothesis that
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there was still another, as-yet-undiscovered, planet. Eventually,
in 1930, the relatively small planet Pluto” was discovered at the
Lowell Observatory in Arizona.

In Table 5.1, planetary masses and sizes, together with their
respective orbital parameters, are expressed in terms of the
corresponding quantities for the earth.

2

T
We can see that T2 =a® [OI‘ —5 = 1] for all the planets, to
a

a high degree of accuracy.

The final column gives the inclination of the plane of the
orbit of the planet to the plane of the earth’s orbit. With the
exception of Pluto and, to a lesser extent, Mercury, all the plan-
ets orbit in approximately the same plane.

5.3 Other stars and their ‘solar systems’
5.3.1 Planets of other suns

Do ‘they’ know about our planet earth?

If we imagine ‘little green men’ living on a planet similar to
ours in some other solar system, it is interesting to speculate
whether they see us with highly developed telescopes! The
answer is that their observation technique would have to be
more highly developed than ours, since the light from our sun
would completely block out the relatively small intensity of
light reflected from the earth. As mentioned before, unless they
happen to be among our nearest neighbours in the Milky Way,
their information about the earth would be out of date by tens if
not hundreds of thousands of years.

Indirect evidence of planets which orbit stars other than
the sun has recently become available, leading to considerable

" Following a decision of the International Astronomical Union (IAU), made
in Prague on 24 August 2006, Pluto is no longer officially considered to be a
planet. Its status has been changed to that of a dwarf planet (one of more
than 40).



Table 5.1 Major members of the solar system (2006) and their properties.

Semi- Inclin.
Sidereal major of orbit
Diameter Mass period axis a to

Planet (earth = 1) (earth = 1) T (years) (AU) T? a? ecliptic
Mercury 0.38 0.055 0.2408 0.3871 0.0580 0.0580 7.00°
Venus 0.95 0.82 0.6150 0.7233 0.3782 0.3784 3.39°
Earth 1.00 1.00 1.0000 1.0000 1.00 1.00 0.00°
Mars 0.53 0.107 1.8809 1.5237 3.54 3.60 1.85°
Jupiter 11.2 317.8 11.86 5.2028 140.66 140.83 1.31°
Saturn 9.41 94.3 29.46 9.588 867.9 881.4 2.49°
Uranus 3.98 14.6 84.07 19.191 7.07 x 10° 7.01 x 10° 0.77°
Neptune 3.81 17.2 164.82 30.061 2.71 x 104 2.72 x 104 1.77°
Pluto 0.18 0.002 248.6 39.529 6.16 x 104 6.18 x 104 17.15°

YS1T og a2y, 2277 FET
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excitement about what might be seen as a move from science fic-
tion to scientific fact. Despite some over-enthusiastic early com-
ments, the search for planets likely to support life (much less
‘little green men’ with whom we might communicate) is likely to
be a lengthy one.

The most convincing evidence for extra-solar planets comes
from the Hubble Space Telescope, which has measured a reduc-
tion in the intensity of light from a star as a result of a planet
passing in front of it. In a press release on 4 October 2006,
NASA reported evidence for 16 new extra-solar planets in a
survey of part of the central region of the Milky Way. The can-
didates must be at least as massive as Jupiter to block out a
measurable amount of light. An extrapolation of the survey
data to the entire galaxy would seem to indicate the presence
of about 6 billion Jupiter-sized planets in the Milky Way! Five
of the 16 candidates belong to a new class, the ‘ultra-short-
period planets’ (USPPs), which orbit their respective stars in
about one earth day. They are quite different from planets in
the solar system in that they are located only about one million
miles from the parent star, a hundred times closer than the
earth is from the sun.

Extra-solar planets may also be detected using the Doppler
effect (a change in the frequency of light waves as a result of
motion of the source, which is described in Chapter 6). This can
be achieved by considering how planets and stars move relative
to one another and therefore to us.

The planet and its parent star, bound together by gravita-
tional force, orbit their common centre of mass in a manner sim-
ilar to the atoms of a hydrogen molecule. (In this diatomic
molecule, the two atoms rotate about their common centre of
mass, midway along the line joining them.) However, the star,
being much larger than the planet, is much closer to the centre
of mass and the radius of its orbit is very small, as illustrated in
Figure 5.6.

The star moves towards us and then away from us as it goes
around in its tiny orbit. The star emits light characteristic of
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Diagram not to scale. Centre of mass of star-planet system
much closer to centre of star and often inside star.

planet

e,

star common centre of mass planet

Figure 5.6 Planets orbiting other stars — the Doppler shift.

its composition and the wavelengths of that light will wobble
around their known values, oscillating between lower (blue-
shifted) values as it approaches us and higher (red-shifted)
values as it recedes from us. The planet itself is not visible but
we can ‘see’ its effect on the light emitted by the star. The
effect is so small that very sensitive means of detection are
needed.

Probably the best-known of all USPPs orbits a star called
51 Pegasi. It was first discovered in 1995, using the Doppler tech-
nique. The Jupiter-like planet races around the parent star in

just four days, in an orbit about 16th of the size of the orbit of

Mercury.

5.3.2 Other galaxies

The Milky Way is by no means the only cluster of stars in the
universe. In 1924 the astronomer Edwin Hubble (1889-1953)
proved that what were then known as extragalactic nebulae or
clouds, such as the Andromeda Nebula, are in fact vast assem-
blies of stars, similar to our own galaxy. It takes light more
than 100,000 years to cross from one side of such galaxies to
the other.

The Large Magellanic Cloud, at about 170,000 light years
from the Milky Way, is the nearest neighbour. The largest
member of our ‘local group’ of four galaxies is M31 — the
Andromeda galaxy — at about 2.2 million light years away.
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M31 — Andromeda galaxy. Courtesy of
NASA Marshall Space Flight Centre HCG 87 group of galaxies.
(NASA-MSFC). Courtesy of NASA/ESA.

(The many large bright stars in the picture are from our own
galaxy, and are much nearer.)

Hubble was the first astronomer to realise that, on the scale
of the universe, the Milky Way is insignificant, one of tens of bil-
lions of galaxies. We now know that there are more galaxies in
the universe than there are stars in our galaxy. There are galax-
ies at distances of more than 20 billion light years from us.

In 1929, Hubble made the remarkable discovery that
there was a systematic change in the wavelength of charac-
teristic spectral lines of basic elements in the light emitted by
other galaxies. (He found that the measured wavelengths
were longer than expected; the lines were ‘red-shifted’.)
Attributing this to the Doppler effect, he concluded that
practically all the galaxies are moving away from us. The
more distant the galaxy, the faster it is moving. Galaxies
10 or 20 billion light years away are receding with speeds
approaching the speed of light.

Hubble derived an equation connecting the recession speed
v of a distant galaxy and its distance r from us. He combined his
own distance measurements with red shifts measured by
another American, Vesto Slipher, and established Hubble’s law:

v =Hr
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H is Hubble’s constant, which he estimated to be 150 km
per second per kpc; more recent estimates average out at about
75 km per second per kpc. (1 kpe = 3.09 x 10** m.) There is no
commonly accepted value for H.

The more distant the galaxy, the faster it moves away from us
and the larger the red shift.

For stars which are closer to us, the red shift is smaller and
is sometimes masked owing to the motion of the earth in its
orbit about the sun.

A remarkable conclusion

The evidence that galaxies are moving away from us in such a
systematic fashion points to an unavoidable conclusion:

The universe, i.e. the totality of space, mass and time obseruv-
able by us, is expanding.

5.4 Reconstructing the past

The laws of physics can be used to predict how a system will
develop in the future. Equally, they can be used to reconstruct
the past. By observing the universe as it is now, one can form
models of what it was like in the distant past. This is a fasci-
nating exercise, an epic detective story based on clues we
observe around us.

In the middle of the 20" century, there were two conflicting
theories on the origin of the universe.

5.4.1 The steady state cosmological model

Originally put forward by James Jeans (1877-1946) in about
1920, and revised in 1948 by Thomas Gold (1920-) and
Hermann Bondi (1919-) and later by Fred Hoyle (1915-2001),



Light from the Past — Astrophysics 139

this model assumed that the universe is and has always been
effectively homogeneous in space and time. There was no
beginning, there will be no end, the universe remains in equi-
librium, always essentially the same. One of the predictions of
this model is that matter is being continuously created out of
the vacuum. The creation is extremely slow, of the order of one
hydrogen atom per cubic metre every 10'° years; nevertheless
we are continuously getting something out of nothing, and
such a model must violate the principle of conservation of
energy.

5.4.2 The ‘big bang’ theory

This cosmological model, somewhat controversial at the time,
incorporated the expansion of the universe into its framework.
If the universe is expanding now, there is no reason why it
should not have been expanding in the past. Its expansion
might have been slower before, because of the gravitational
attraction of matter in the then smaller and denser universe,
but the expansion was always there.

George Gamow (1904-1968) and his colleagues reversed the
expansion mathematically and found that, projecting back
about 15 billion years, the universe started as a point infinitely
dense, and infinitely hot.

Presumably, at that first instant the universe was born, and
exploded as a ‘big bang’. This implies an instant of creation,
beyond the laws of physics, and is one of the reasons why the
theory was controversial. At the same time, it is difficult to see
why continuous creation, as depicted in the steady state model,
should be any easier to accept.

Assuming that the laws of physics immediately after the
big bang were the same as they are now, the first moments can
be reconstructed, right back to a fraction of a second. Thus, in
the first one hundredth of a second, the temperature was
about 101 °C (one hundred thousand million degrees Celsius).
Over the first 3 minutes the universe cooled down rapidly
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to one thousand mil-
lion degrees (10°°C).
Fundamental parti-
cles such as elec-
trons, positrons,
neutrinos, and later
protons and neu-
trons, were in vio-
lent motion. Pairs of each were continually being created out
of energy, and quickly annihilated. Nuclear forces produced
pairs of particles of opposite charge, and electric charges in
motion gave rise to electromagnetic waves. Eventually the
universe was filled with light.

The study of what happened during the very early history of
the universe is a most exciting intellectual adventure.
Mathematical models based on the laws of physics can be devel-
oped, and to some extent tested at high energy particle acceler-
ators. Another approach is to search for evidence of ‘cosmological
relics’ of these early moments.

What happens if
you keep shrinking

5.4.3 A blast from the past

In 1960, the Bell Telephone laboratory built a ‘horn’ antenna
on a hill in Holmdel New Jersey, to be used for communication
with the Echo satellite. As it turned out, within a couple of
years the Telstar satellite was launched and the Echo system
became obsolete. Arno Penzias (1933— ) and Robert Wilson
(1936- ), who had joined Bell Labs as radio astronomers, had
had their eye on the horn and jumped at the opportunity to
use it as a radio telescope when it became free to use for pure
research.

As soon as they began to use the antenna, they noticed a
troublesome background of ‘microwave noise’ which, no matter
how they tried, they were unable to eliminate. The background
had a wavelength of 7.35 cm, far shorter than the commu-
nication band, and had therefore not interfered with the Echo
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system. They pointed
the horn in the direc-
tion of New York
City — it was not
urban interference.
They even removed
the pigeons which
were nesting in the
horn, but the noise
persisted. There was
no seasonal varia-
tion. The only conclu-
sion they could come Echo horn antenna. Courtesy of NASA.

to was that it was a

genuine electromagnetic signal, which appeared to be coming
from every direction.

Unaware of these ‘technical’ problems in New Jersey,
P.J. Peebles (1935-), a Princeton theorist, gave a talk at
Johns Hopkins University in the spring of 1965. In his lec-
ture, he presented work by Robert Dicke (1916-1997) and
himself, which predicted the existence of electromagnetic
radiation left over from the early universe, still present as a
‘cosmological relic’ of the big bang. Such radiation was neces-
sary to carry off energy from nuclear interactions during the
formation of matter in the first few minutes. The theory even
predicted that as the universe expanded, the wavelength
of the radiation
would become
longer and would ,
by now be in
the microwave
region.

Since 1965,
the ‘troublesome’
radiation which
Penzias and

They looked for
pigeon droppings,
and found gold.,

to what happens
normally. 5
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Wilson had been trying to eliminate has been studied and docu-
mented by radio astronomers. Little doubt remains that it is pre-
cisely the radiation predicted by Peebles, a genuine relic from
the very distant past. Penzias and Wilson had found gold — a
signal coming from the first moments of the universe. They were
rewarded with the Nobel Prize for Physics in 1978.

5.5 The life and death of a star

The central core of a star is its ‘boiler-house’. In a typical star,
such as our sun, hydrogen nuclei are driven together to form
helium in thermonuclear reactions which liberate energy. As a
result the core exerts pressure outwards, and there is a delicate
balance between that pressure and gravitational forces which
tend to collapse the star into itself.

5.5.1 White dwarfs

Subrahmanyan Chandrasekhar (1910-1995), an Indian astro-
physicist born in Lahore, was one of the first to combine the
laws of quantum mechanics with the classical laws of gravita-
tion and thermodynamics, in a physical model of the evolution
of a star. During a voyage from India to England he developed
the basics of a theory of the ‘death’ of a star, and in particular
the dependence of the process on the original size of the star.
As the hydrogen ‘fuel’ becomes used up, the pressure within
the ‘boiler-house’ drops, and the balance is upset. The centre,
now mostly helium,
is compressed fur-
ther by gravita-
tional forces until
its density becomes
far greater than
the density of the
heaviest material
found on the earth.

| thought the star

was collapsing

inwards? -
As it implodes
energy is expelled
q?ﬁﬁ)
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Further nuclear fusion of helium into carbon and heavier ele-
ments takes place, producing more energy and more outward
pressure, but eventually the forces of gravitation win and the
star collapses. During the collapse, gravitational potential
energy is converted into radiation and heat. Material outside
the core is blasted off. If the mass of the star is below 1.44 times
the mass of the sun (the Chandrasekhar limit), the star dies rel-
atively gently. It becomes a white dwarf and fades away over
billions of years. Such a fate eventually awaits our sun, which
will finally end up as a cold dark sphere.

A sugar cube of white dwarf material, if brought to the earth,
would weigh about 5 tons.

5.5.2 Supernovae

If the mass of the star is greater than the Chandrasekhar limit,
a much more violent death awaits it. The end, when it comes,
comes dramatically. The collapse becomes sudden and the core
shrinks until the electrons are forced to combine with the pro-
tons present in the nuclei of the atoms. In the core of the star
gravitation scores a victory over both electric and nuclear forces.
The rest of the star is ejected at speed into space. The star
becomes a supernova, expelling as much energy in a matter of
weeks as it had previously radiated in its lifetime.

Only the core of the star remains, made up of matter entirely
composed of neutrons: a neutron star. Its density is equal to the
density of an atomic nucleus, about 10" kg/m?. A sugar cube of
neutron star material would weigh
about 100 million tons. To put this
into perspective, the heaviest tank
to see action in World War II was
the German King Tiger 2, weighing
70 tons. The weight of the sugar
cube of concentrated neutrons would
equal the weight of over a million

If you thought
White Dwarf matter is
heavy listen to this!.
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Tiger tanks — in fact, more than the combined armoured vehi-
cles of all armies participating in wars in the 20" century!

= 1.5 million %
1 sugar cube
of neutron star
material

Five such supernova explosions have been recorded in our
galaxy in the last 1000 years. The first dates back to 4 July 1054:

‘In the first year of the period of Chih-ho, the fifth moon, the
day Chi-ch’ou, a guest star, appeared south-east of T'ien-kuan.
After more than a year it gradually became invisible.” (Chinese
manuscript of the Sung Dynasty.)

We now know that what the Chinese saw was the death and
not the birth of a star.
Supernovae in other galaxies

With the aid of modern telescopes, several hundred supernova
explosions are now being observed in distant galaxies every

Table 5.2 Supernovae in our galaxy.

Year Supernova
1054 Chinese
1151

1172 Tycho
1604 Kepler

1667 Cassiopei (deduced from its remnant)
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year. Most of these are so faint that they can be studied only
with difficulty.

In 1987, a supernova was observed in the Large Magellanic
Cloud. Named SN1987a, it marked the death of the star
Sanduleak—-69 202, with a mass approximately 20 times that
of the sun. The first observation was made on the night of
23 February 1987 in Chile and, as the earth rotated, there
were further observations in New Zealand, Australia and
southern Africa.

The picture on the right was
taken by the Hubble Space Telescope
in 1991. It shows a gaseous ring
around SN1987, which became the
progenitor star several thousand
years before the supernova explosion.
The light from the far edge of the ring
arrived at the earth nearly one year Ring of gas around SN187a.
after the arrival of light from the for- Courtesy of NASA/ESA.
ward edge. This gives a very accurate
value of the physical diameter of the ring, which, when com-
pared to its angular diameter of 1.66 arc seconds, enabled
astronomers to calculate the distance from the earth to the
Large Magellanic Cloud as 169,000 light years (to within 5%).
As the explosive expansion continues over the next few years,
the envelope will become more transparent, enabling
astronomers to carry out the most detailed study to date of such
a remnant.

5.5.3 Pulsars

Neutron stars do not ‘shine’ like other stars, emitting a steady
stream of light. They emit electromagnetic waves, which come
in characteristic pulses, and hence neutron stars are often
called ‘pulsating radio stars’, or pulsars.

All spinning objects have angular momentum and stars are
no exception.
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Pulsar

Original star & .

The star shrinks a million times, but its
angular momentum remains the same.

Jocelyn Bell Burnell

A pulsar acts like a rapidly spin-
ning magnet emitting a rotating beam
of electromagnetic radiation like a
‘lighthouse in the sky’. Its mass is made
from the core of the original star and is
greater than 1.44 times the mass of the
Sun, but its radius has shrunk to about
10 km. If the earth happens to be in the
line of the light beam, we will see a
source pulsating every time the beam
sweeps past.

The first evidence of pulsars came
in 1967 at the 4.5-acre radio telescope
array in Cambridge, England. Jocelyn
Bell Burnell (1943- ), a postgraduate

electromagnetic
beam

/. magnetic axis

A

axis of rotation

Figure 5.7 Lighthouse in the sky.
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student born in Belfast, Northern Ireland, and working under
the supervision of Antony Hewish (1924— ), discovered a source
of radio waves which came in bursts 1.3 seconds apart. The pulses
were regular, like a signal — perhaps from another planet?

The source was given a provisional name, LGM1 (‘Little
Green Man 1’), and kept under quiet surveillance. Within
1 month, a second
source was discovered, ,
by which time it had o
become 100% clear that
it was not extraterres-
trial intelligence but a
neutron star behaving
like a rapidly spinning
magnet.

An extract from
Jocelyn Bell’s original F
chart records is repro- Len o
duced as shown on the
right. The bottom trace
marks out one-second
time pips and so LGM1 Courtesy of Jocelyn Bell Burnell.
is pulsing every one
and a third seconds. The signal is weak and often drops below
the detection threshold but it is still in phase (on-beat) when it
reappears.

The 1974, Nobel Prize for Physics was awarded to Anthony
Hewish ‘for the discovery of pulsars’, and Martin Ryle
(1918-1984) ‘for his pioneering work in radio-astronomy’. Due
credit must also be given to Jocelyn Bell, who built the radio
telescope and was the first to notice the signals.

The remnant of the Chinese supernova was discovered
in 1963. It is situated in the Crab Nebula 5500 light years away.
Calculations tracing back its expansion showed that it
should have been observable from the earth in the year 1054.
The actual explosion occurred 5500 years earlier, about 4500 BC.

Are there little

First let's
try a simpler
explanation.

“ . -
O Y e T AT Y Yy
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5.5.4 Black holes
Game, set and match to gravity!

A neutron star is not necessarily ‘the end of the line’ in the life
and death of a star. Gravitational forces are still at work, com-
pressing matter more and more tightly. The more concentrated
the mass, the greater the inward pull. If the original star was
big enough, the resulting neutron star is merely an intermedi-
ate stage, itself unstable under gravity. Chandrasekhar calcu-
lated that if the original star had a mass in excess of about
3 solar masses, the resulting ‘electron degenerate matter’ (neu-
tron star) can no longer exist. It will collapse even further into
itself — the ultimate sacrifice to gravity. With so much mass
concentrated in such a small volume, the force of gravity dom-
inates, and nothing can stop it. The further the collapse pro-
ceeds, the greater the gravitational force and the density
becomes infinite. The known laws of physics no longer apply.
We reach a window in our universe to another world beyond
our own, with which we cannot communicate. Matter can be
sucked in but nothing can get out, not even light. We have a
black hole.

Robert Oppenheimer (1904-1967), perhaps better known
for his later work on the Manhattan Project, was the first to apply
the theory of general relativity to what happens when a massive
star collapses. The end result is much the
same as predicted by classical Newtonian
mechanics, but the mechanism is more diffi-
cult to visualise. The curvature of space—time
(which has four dimensions and is described
in Chapter 15) increases dramatically. This
is not easy to visualise, but a useful two-
dimensional analogy might be to push a knit-
ting needle against a flat membrane. The
membrane becomes more and more distorted
and, in the end, it is punctured. The two-
Robert Oppenheimer  dimensional space ceases to exist.
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A black hole is a singularity in space-time. Space and time,
as we know them, cease to exist. The rules of physics no longer
apply.

Oppenheimer’s work has become a rich source for theoreti-
cal research by many physicists and mathematicians. Stephen
Hawking, Roger Penrose, John A. Wheeler and, of course,
Chandrasekhar are some of the more prominent names associ-
ated with the subject.

More than 200 years ago, Pierre Simon Laplace (1749-1827)
postulated:

‘A luminous star of the same density as the Earth, whose
diameter be 250 times larger than that of the Sun, would not,
in consequence of its gravitational attraction, allow any of its
rays to arrive at us. It is therefore possible that the largest
luminous bodies in the Universe may, through this cause, be
invisible.’

ow heavy is a
sugar cube of black
hole material?

Itis a hole in
space and time and
has no weight!

5.5.5 Escape velocities
How to get away from a large mass

The first obstacle faced by prospective space travellers is the
gravitational attraction of the earth. The energy to overcome the
gravitational force can be provided in the form of combustible
rocket fuel. Alternatively, one could imagine building up speed
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Table 5.3 Some escape velocities.

To escape from: Speed (km/s) Speed (mph)
Earth 11.2 25,000
Moon 2.4 5,400
Jupiter 58 130,000
Sun 620 1.4 million
Neutron star = 150,000 = 0.5¢c 3.4 x 108
Black hole >c

c is the speed of light; 1 km/s = 2236.9 mph.

horizontally and then flipping the rocket upwards and away
from the earth, turning off the motors and using kinetic energy
to overcome gravitation. The speed required to do that is called
the escape velocity. Table 5.3 gives some relevant values of
escape velocities.

(Appendix 5.2 shows how to calculate the escape velocity for
planets such as the earth.)

5.5.6 How to ‘see’ the invisible

Black holes are no longer in the realm of science fiction. Even
though light cannot escape from inside a black hole, we can detect
its existence from what is happening around it. Matter close to a
black hole gets sucked in and spirals around it like water in a
plug hole. As electric charges spiral,
they emit electromagnetic waves —
a ‘last gasp’ signal back to the uni-
verse. X-rays and other radiation are
emitted, not from the black hole but
from the accretion disc of matter spi-
ralling into it.

Data reported in February 2000
from the Chandra X-ray observatory
sive black hole accreting show strong evidence of the existence

matter. Courtesy of of a supermassive massive black hole,
NASA /JPL-Caltech. Sagittarius A*, near the centre of the

Artist’s impression of a mas-
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Milky Way. According to recent estimates, this black hole is about
3.7 million times more massive than the sun and is very compact,
with a radius of about 45 AU, at most. It is generally believed that
most galaxies harbour supermassive black holes at their centres.

5.5.7 A strange event in the Milky Way

In 2002, V838, a star in the Monoceros constellation, 20,000
light years from the sun, suddenly brightened. Its maximum
luminosity was about 1 million times the luminosity of the sun
and it was one of the brightest stars in the Milky Way at that
time. Figure 5.8 shows two images of Monoceros, the first taken

DSS2 = May 1989, ; Y838 Mon = March 2002
Anglo-Australian Observatory US Naval Observatory

Figure 5.8 V838 explodes. Courtesy of NASA, USNO, AAO and Z. Levy
(STScl).

Figure 5.9 Evolution of an explosion. Courtesy of NASA, Hubble Heritage
Team (AURA/STScl) and ESA.
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in 1989, when the star appeared quite ‘normal’, and the second
in 2002, during the outburst.

The sequence of events was recorded by the Hubble Space
Telescope and is illustrated in Figure 5.9. An interesting result
of the examination of the spectrum of the emitted radiation
is that it shows a strong enrichment of Li, Al, Mg and other
elements. This leads to the hypothesis that these elements
came from planets which had been orbiting the star and were
vaporised by the explosion. In about 5 billion years our own
solar system may meet a similar fate!

5.5.8 Time stands still

There are other extraordinary properties predicted for black holes.
According to the general theory of relativity, time slows down in a
strong gravitational field. In the extreme environment of a black
hole, we must conclude that time will stand still relative to us.
In an ‘experiment of the mind’, let us imagine a space traveller
approaching a black hole. To us, his last movements will appear
to be very slow. His pulse rate slows down, and his heart beats
once every hundred years. Eventually he ‘freezes in time’. His final
image appears for ever, as he was, just before being sucked in!

A historical interlude: Isaac Newton (1642-1727)

Isaac Newton was born on Christmas Day, 25 December 1642*, at
his mother’s house at Woolthorpe in Lincolnshire, three months after
the death of his father, who was a farmer. When Newton was two
years old, his mother remarried and left her son in the care of her
mother. That Newton resented being abandoned by his mother and
stepfather (Barnabas Smith) is apparent in his later admission

* According to the Gregorian calendar adopted in England in 1752, this
date becomes 4 January 1643.

(Continued)
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‘Threatened my father and mother Smith
to burn them and the house over them.

On returning to his father’'s farm in
1656, Newton spent most of his time
tinkering with mechanical gadgets, solv-
ing mathematical problems and devising
his own experiments. His maternal uncle,
William Ayscough, noticed that young
Isaac showed little interest in farming.
Realising that Newton’s talents lay else-
where, Ayscough arranged to send him
to his own alma mater, Trinity College,
Cambridge, in 1661. Isaac Newton

Despite the fact that his mother
appeared to be financially well off, Newton had to work for his
keep and college expenses as a sizar acting as a servant for
wealthier students. He kept a diary, from which we know that he
had little interest in student life, and pursued a solitary existence,
reading whatever books he could find on logic, philosophy and
mathematics. He was particularly fascinated by the brilliant logic
of Euclid’s geometry, which led to conclusions which he felt were
undeniably true. This may have prompted him to write a thesis
entitled Questiones Quaedam Philosophicae, which he prefaced
with the enlightening statement in Latin: ‘Plato is my friend,
Aristotle is my friend, but my best friend is truth.’

Newton obtained his BA degree in Mathematics in 1664. The
university was closed for the following two years because of the
Great Plague. In London alone, more than 30,000 died from the
Black Death over a two-year period. Newton returned to
Lincolnshire and spent the years 1665 and 1666 studying at home
in isolation. These years turned out to be the most productive of
his life. Not only did he read widely in mathematics, but he also
made a series of discoveries. It was then, while still under the age
of 25, that he developed his ideas on optics and, perhaps more
important, the laws of motion, and universal gravitation. He also

(Continued)
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laid the foundations of the mathematical methods of differential
and integral calculus. He called this the ‘method of fluxions’ and
used it as a general technique to calculate seemingly unrelated
things such as areas, tangents to curves, and maxima and minima
of functions.

Newton did not publish any of his results until many years later.
Apart from some letters to friends and reference to some of his
work on optics, he kept his ideas to himself. This was to create a
controversy on priority with the German philosopher Gottfried
Leibnitz (1646-1716).

When Cambridge reopened in 1667 after the plague, Newton
applied for a fellowship and was soon awarded the title of Senior
Fellow. This allowed him to dine at the fellows’ table — a consider-
able rise in status compared with that of a sizar. More rapid pro-
motion was to follow almost at once, when Barrow resigned the
Lucasian Chair of Mathematics in 1669 and Newton was appointed
in his place, at the age of only 27 years.

In January 1670, Newton began his first lecture course as
Lucasian Professor. The course described experiments which he
had carried out on his own during the years of the plague. Alone in
his room, using only the simplest equipment, he had discovered
things about light which were new and in conflict with conventional
opinion. He published his first scientific paper on light and colour in
1672, describing his experiments in graphic style:

‘I procured me a Triangular glass-Prisme, having darkened my cham-
ber made a small hole in my window-shuts, to let in a convenient
quantity of Suns light.... It was at first a very pleasing divertisement to
view the vivid and intense colours thereby, but after a while | applied
myself to consider them more circumspectly’.

The old ‘explanation’ of the coloured spectrum produced when
light passes through a prism was based on an assumption that a light
ray is modified gradually as it travels through a medium like glass. The
change manifests itself as a change of colour. The light is modified
slightly at the thin end of the prism and becomes red; it is darkened

(Continued)
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a little more when it passes through the middle, and becomes green;
it is darkened even more when it passes through the widest part, and
becomes violet. This could hardly be called an ‘explanation’ since it
said nothing about the nature of light; moreover, it was clearly wrong,
as could easily be shown by sending light through blocks of different
thickness. However, there had been no climate for experimentation to
test the laws of nature. Hypotheses were not tested, but simply
accepted on the authority of philosophers such as Aristotle.

Newton showed that light was not modified by passing through
a substance like glass, but was physically separated. According to
him, white light was composed of different types of ray, each one
producing a different colour. These rays were diffracted at slightly dif-
ferent angles and, as they entered the glass, the components sepa-
rated, then continued onwards undisturbed. He also discovered that
colour had nothing to do with light and dark.

Newton’s painstaking methods can be described in his own
words: ‘I keep the subject of my inquiry constantly before me, and
wait until the first dawning opens gradually, little by little, into a full
and clear light’

Newton did not rely on hypotheses, but persisted in confirming
his findings by further experiments. Using a second inverted prism,
he was able to recombine those colours and reproduce the original
white light. ‘Hence therefore it comes to pass, that Whiteness is the
usual colour of Light; for, Light is a confused aggregate of Rays
indued with all sorts of Colors, as they are promiscuously darted
from the various parts of luminous bodies.’

Newton then tried yet another experiment and showed that
once a colour had been separated it could not be changed any fur-
ther: ‘Then I placed another Prisme, so that the light might pass
through that also, and be again refracted before it arrived at the
wall... when any sort of Ray hath been parted from those of other
kinds, it hath afterwards obstinately retained its Color, notwith-
standing my utmost endeavours to change it....’

New ideas which were contrary to established opinions were not
acceptable to many of Newton’s contemporaries. One can well imag-
ine a certain reluctance to admit that established doctrine did not just

(Continued)
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have to be modified, but was completely wrong. Another Cambridge
physicist, Robert Hooke (1635-1703), involved Newton in a bitter dis-
pute. The controversy became bitter and personal, with no punches
pulled by either side. So much so that Newton’s often-quoted words
‘If I have seen further than other men it is because | have stood upon
the shoulders of giants’ are suspected to contain a hidden barb.
Hooke was a small, somewhat deformed man with a hunched back.

The criticism and fighting caused Newton to withdraw within
himself, and in particular not to publish any more of his ideas. His
book Opticks did not appear until some 30 years later, in 1704. In a
letter to his then-friend Gottfried Leibnitz he confided: ‘/ was so per-
secuted with discussions arising from the publication of my theory of
light that | blamed my own imprudence for parting with so substan-
tial a blessing as my quiet to run after a shadow.’

Newton’s greatest achievement, his formulation of the laws
governing force and motion, dates back to his solitary work during
the plague and remained unpublished for many years afterwards.
The story of the falling apple originated in a biography by his friend
William Stukeley, who describes having tea with Newton under
some apple trees. The mystery of action at a distance, by which
objects somehow exert a force on each other without touching, was
the subject of discussion. Could this same kind of force be exerted
on the moon and on a falling apple?

Newton continued where Galileo had left off. Galileo had dis-
covered that all objects at the earth’s surface experience the same
acceleration under gravity; Newton formulated a general law which
explained why. Not only that, but he calculated why the moon
should take about 27 days to orbit the earth. The famous
Philosophiae Naturalis Principia Mathematica finally appeared in
1687. It seems very likely that Newton's frustration caused by argu-
ments about the light spectrum was the prime cause of the delay.
Newton became chronically ill about 1692, suffering from insomnia
and nervous depression and irritability. He decided to abandon
academic life and to look for some other kind of job. However, the
offer of the position of headmaster of Charterhouse, an aristocratic
London school, was not exactly what he wanted. He wrote
somewhat undiplomatically: ‘... besides a coach, which | consider

(Continued)
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not, it is but £200 per annum, with a confinement to the London air,
and to such a way of living as | am not in love with....’

He was appointed Master of the Royal Mint in 1699, at the
then-enormous salary of £1500 per year. He took this position quite
seriously, and used his talents and imagination to invent methods of
preventing counterfeiting of coins. In 1703 he was elected president of
the Royal Society, a position of great power in the realm of science
in England, and re-elected every year until his death. Newton was
knighted in 1704 by Queen Anne — the first scientist to be so honoured.

Newton’s controversy with Gottfried Leibnitz (1646-1716),
regarding who was the inventor of calculus, dominated much of the
later part of his life. Leibnitz published his paper ‘Nova Methodus
pro Maximis et Minimis itemque Tangentibus' in 1684. It contained
the basic ideas on what we now call differential calculus. These
ideas, particularly his methods of calculating tangents, were based
on the same principles as the methods of Newton. Two years later,
in 1686, Leibnitz published a paper on integral calculus, which saw
the first appearance of the now-familiar integral notation.

To put this into historical context: Newton’s unpublished work on
fluxions was written in 1671 but did not appear in print until 1704,
and then as two mathematical appendices in his book Opticks. John
Collins produced it in English translation in 1736, nine years after
Newton’s death.

In the meantime John Keill wrote an article in The Philosophical
Transactions of the Royal Society in 1710 which accused Leibnitz of
having plagiarised Newtons’s work, essentially changing only the
method of notation. When Leibnitz read this, he took grave excep-
tion, and immediately wrote to the secretary of the Society, saying
that he had never heard of fluxions and demanding an apology.
Keill's reply quite possibly made with the collaboration of Newton
himself, was to restate the charge in even more aggressive lan-
guage. Leibnitz immediately demanded a retraction and the stage
was set for a major controversy.

The Royal Society set up a commission to investigate the
claims. With Newton as its president it could hardly have been impar-
tial, and, not unexpectedly, its report concluded in favour of Newton.
To copper-fasten the matter Newton anonymously wrote a

(Continued)
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favourable review of the report, which appeared in The Transactions
of the Royal Society in 1712.

Newton was straightforward and honest but, while scrupulously
just, he was unwilling to compromise on his convictions or to be gen-
erous to his adversaries. He is said to have been the originator of the
statement ‘Tact is the knack of making a point without making an
enemy’, and yet he was easily irritated, and tended to take offence.
Many of his friends eventually became enemies.

As one might expect, he was absent-minded and frequently
became lost in his thoughts. It is said about him that on occasion he
left his dinner guests to their own devices by disappearing from the
table to work on some problem and forgetting to come back.

It is clear that Newton was fascinated by his discoveries and by
deep questions as to how the laws of Nature came into being: ‘Did
blind chance know that there was light and what was its refraction,
and fit the eyes of all creatures after the most curious manner to
make use of it? These and other such like considerations, always
have, and always will prevail with mankind, to believe that there is a
Being who made all things, who has all things in his power, and who
is therefore to be feared.’

Appendix 5.1 Kepler’s third law, derived from
Newton’s law of universal gravitation
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To derive Kepler’s third law, that —- is constant for a circular
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Appendix 5.2 Escape velocity

As one gets further away from the earth, its gravitational force
diminishes and the work to cover each extra metre gets smaller.
One must therefore integrate the work done, as follows:

Total work done:

JmGMm [ GMmT GMm
W = D) =| — =
R T r R

r

W = kinetic energy = %mv 2

1 2 GMm
—mv°=——

2 R

. [2GM \/2 x 6.668 x 107! x 5.976 x 10**
R 6.378 x 10°

Escape velocity v =1.12x10™ms™! (about 400,000 km hr™?)

Constants used in the calculation:

G =6.668 x 107" Nm? kg2 (universal constant)
M =5.976 x 10** kg (mass of the earth)
R =6378 km = 6.378 x 10°m (radius of the earth)
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Chapter 6

Introducing Waves

What is a wave? Waves are so diverse that we might tend to
regard different types of waves as separate entities, unrelated to
one another. Do events such as the devastation of a region by an
earthquake and the melodic tones of a musical instrument have
anything in common? In this chapter we explore the common
ground between these and many other phenomena.

Waves carry energy from one place to another. They also act
as messengers, transmitting information. We look at different
types of waves, how they are created, what they are ‘made of”’
and how they carry out their functions of carrier and messenger.

To deal with some aspects of wave behaviour, we need to
express the properties of the waves mathematically. We can then
make quantitative predictions regarding many wave-related phe-
nomena seen in nature. In a mathematical analysis of waves, it is
most convenient to use the simplest type of wave form — a con-
tinuous sine wave. It is gratifying, if rather startling, to find that
even the most complicated periodic waves can be constructed sim-
ply by adding a number of these sine waves.

6.1 Waves — the basic means of communication

When talking about waves, we most likely picture a seaside
scene with ocean waves approaching the shore or perhaps a ship
at sea tossed in a storm. A survey asking the question ‘What
serves as the most common means of communication?” would be
unlikely to favour the answer ‘Waves’. Yet, heat and light from
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Waves coming in on a beach. Courtesy of Johntex.

the sun are carried by waves. We could neither see nor speak to
one another were it not for light waves and sound waves. Even
the sensation of touch relies on the transmission of nerve
impulses, which are composed of wave packets.

Electromagnetic waves, which pervade all space, and with-
out which the universe could not exist, are the basic theme
of this book. Light is just one member of that family. These
waves propagate in a mysterious way, as we shall see in later
chapters.

We have learned to produce electromagnetic waves and to
put them to a variety of uses, many of which are now taken
almost for granted. Radio waves facilitate the remote communi-
cation that enables us to hear and to see the latest news and to
watch our favourite television programmes. We can receive
information about the lunar surface from space probes. In med-
icine, lasers produce waves for keyhole surgery, X-rays are used
in diagnostic imaging and radiation therapy; infrared waves
heat muscles and relieve pain. Microwaves cook food; radar
waves guide planes and ships. Last but not least, a tiny infrared
beam from our remote control allows us to change channels
without leaving our armchair in front of the TV set!
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Once we become aware of the seemingly endless variety of
waves, it begs questions such as: Do all waves have something
in common? How can we deal with waves mathematically?

What is the justification to say that light behaves as a wave?

6.1.1 Mechanical waves in a medium

When a medium is disturbed by a wave, individual particles
oscillate about their equilibrium positions and transmit energy
by their mutual interactions.

A stone dropped into the middle of
a pond gives rise to waves spreading
out on the surface of the water in ever-
increasing circles. The expanding
waves show that something definitely
propagates, but it is not the water
itself; ducks sitting in the path of
the wave bob up and down but do not
necessarily move in the apparent
direction of propagation. Energy con-
tained in the local oscillations of indi-
vidual water particles is transmitted with no net motion of these
particles from the middle of the pond to its edge.

Surface waves created by
dipping a stick into water.
Courtesy of Roger
McLassus.

Waves transmit energy, momentum and information from one
place to another by means of coordinated local oscillations
about an equilibrium position.

Waves, whether naturally occurring or artificially produced,
can be classified according to the type of disturbance which is
transmitted and also by the relationship between the direction in
which things change locally and the direction of energy transfer.

When molecules are stimulated by an external force which
varies periodically (repeats itself at regular intervals), they
vibrate and a mechanical wave is set in motion. Individual mol-
ecules remain localised, but energy is transferred from molecule
to molecule and hence from one place to another. The energy is
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transmitted through the material by molecular interactions but
the precise nature of the interaction depends on the material.
On the macroscopic scale, we refer to the level of the molecular
response as the elasticity of the material.

Mechanical waves are propagated by the interaction of mole-
cules with their neighbours and do not exist in a vacuum.

6.1.2 Transverse waves

Energy may be transmitted by particles oscillating in a direc-
tion either perpendicular or parallel to the direction of energy
transfer. In the disturbance caused by the stone, the water sur-
face moved up and down, but the wave moved horizontally. This
sort of wave is called a transverse wave.

A transverse wave is a wave for which the local disturbance is
perpendicular to the direction of propagation of energy.

We need some form of bonding to support a transverse wave.
When molecules are bonded together, transverse waves can
propagate. The bonding must be such that, when a molecule
moves up and down, it tends to drag neighbouring molecules
with it. Force is required to disturb the molecule and the phe-
nomenon is technically known as resistance to shearing stress.
Such bonding exists in solids and liquids.

In a row of children holding hands, if one child jumps up, the
children on each side will be pulled up. The bonding is in the
holding of hands.
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There is no bonding if the children do not hold hands and the
jumping motion of one child does not affect the others.

The ‘Mexican
wave’, often seen
at sporting events,
is another exam-

ple of a transverse
wave.

Where is the
bonding in a

How about <
bonding of hearts
and minds?

6.1.3 Longitudinal waves

Transverse waves cannot propagate
in gases, because gases have practi-
cally no resistance to shearing
stress. Air molecules are much fur-
ther apart than the molecules of a
solid or liquid, and as a result the
viscous forces tending to drag adja-  Courtesy of The Hovercraft
cent layers of air are too small to Museum Trust.
propagate a transverse disturbance.
There are, however, forces between the molecules which resist
compression. A fully laden bus is supported by the com-
pressed air in its tyres; a hovercraft rides on a cushion of com-
pressed air.

In 1887, John Dunlop developed the pneumatic tyre for his
son’s tricycle, and patented it in 1889. The patent description
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read: ‘A device covering the circumference of a wheel. It cushions
the rider from a bumpy road, reduces wear and tear on the wheels
and provides a friction bond between the vehicle and the ground.’

A pulse of compressed gas or a series of such pulses is trans-
mitted through a gas at a speed which depends on the elastic
properties of the gas and on its temperature. The human ear is
a delicate instrument which can detect such compressions. We
call this sensation sound.

The mechanism of transmission of a longitudinal pulse can
be shown by the example of an orderly queue of people waiting
for a bus.

As the bus approaches, the people at the back of the queue
begin to push the people in front of them. By the time the
bus stops, the compression has been transmitted to the front of
the queue. Individual people move in the same direction as the
compression.

T

Sound waves propagate as a series of compressions. A
vibrating membrane such as a guitar string exerts a varying
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pressure on the adjacent air and the pressure variations are
transmitted as a longitudinal wave.

A longitudinal wave is a wave where the local disturbance is
parallel to the direction of propagation of energy.

In a solid each molecule is bonded to all of its neighbours, so
the application of a force in any direction will distort the equi-
librium arrangement. This means that solids can transmit both
transverse and longitudinal waves. An underground explosion,
for example, generates both transverse and longitudinal seismic
waves which are transmitted through the earth. The production
of simultaneous longitudinal and transverse waves can be
demonstrated using a slinky, as illustrated in Figure 6.1.

transverse wave

longitudinal wave

Figure 6.1 Transverse and longitudinal waves on a slinky.

Water waves can be a mix-
ture of transverse and longitu-
dinal vibrations. Individual
elements of water move in cir-
cles or ellipses, oscillating both
perpendicular and parallel to
the surface of the water.

As sea waves approach a
beach the motion of the parti-
cles changes as the depth of the
water decreases. At a certain
point the friction of the sand
causes the wave to ‘break’.

Sea storm in Pacifica.
Courtesy of Mila Zinkova.
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waves ——————>p

The waves appear to be coming in but they do not bring in the sea!

6.2 The mathematics of a travelling wave
6.2.1 The making of a wave

We base the mathematical representation of a T
wave on the assumption that travelling waves 4
are made up of basic components oscillating l S
continuously about given positions in space. “Sropagation” *

Let us choose a simple transverse wave in
a material medium. We will call the maximum
displacement of each oscillating particle the
amplitude A.

I

6.2.2 From the sine of an angle to the
picture of a wave

The sine of an angle is defined in terms of the ratio of two sides
of a right angled triangle. Many physical phenomena, such as
refraction, are described in terms of the sines of angles (e.g.
Snell’s law in Chapter 3). The function which expresses the
value of sin(0) in terms of 0 is called the sine function. It is
the basic function which represents the physical properties of
periodic waves.

Generating the sine function
Let us increase the angle 6 in Figure 6.2a by rotating the
hypoteneuse of the triangle ABC anti-clockwise. As 6 increases
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Figure 6.2 (a) sin(0) = opposite/hypoteneuse. (b) The sine function.

from zero to 90° the value of sin(0) rises from 0 to 1, falls back
to zero at 6 = 180° and then becomes negative as the side BC
points in the negative y-direction. Finally, when 6 reaches 360°
the function sin(@) returns to its initial value at 6= 0. As we con-
tinue to rotate the arm AC in an imaginary circle, the function
sin(0) continues to repeat in a periodic cycle as illustrated in
Figure 6.2b.

If we rotate the radius at a constant angular speed o (radi-
ans per second), 6 changes at constant rate, and we can write
6 = wt. The graph then shows how the lateral displacement of a
particle in a given place in the medium varies with time. Such
a particle oscillates with simple harmonic motion represented
by the function y = sin(wt).

In a continuous medium which can transmit transverse
waves, any one particle will not oscillate in isolation but will
transmit its motion to neighbouring particles resulting in the
creation of a simple harmonic wave. The upper part of Figure 6.3
depicts a ‘photograph’ of such a wave giving the transverse dis-
placements from equilibrium (y) of successive particles at a given
moment in time. The profile of the wave is the function y = sin(x),
where x is the distance in the direction of propagation (x). Note
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v profile of a sinewave
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the wave has moved on

/\ /\y =s£:r(,\;a)
(VARY

Figure 6.3 Advancing sine wave.

i

a

that the pattern repeats after a distance A = 27x, the wavelength
of the wave.

The lower curve is another snapshot, taken when the wave
has advanced a distance a in the x direction. We represent this
wave by introducing a phase difference = —a into the original
expression. The first null point, which had previously been at
the origin is now at the position x = +a. All other points on the
wave have advanced by the same distance.

6.2.3 An expression for a sine wave in motion

So far our mathematical expression represents a wave frozen in
time. It is a ‘snapshot’ which shows the wave at a given instant.
We can represent a moving wave by letting the phase shift change
with time at the rate a = vt where v is the speed of the wave.

Making adjustments to the scale
We adjust the equation to give the correct wave amplitude by
multiplying the sine function by the factor A. We can also adjust
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Figure 6.4 The final product.

the scale so that the distance between wave crests is A instead
of 27 by writing it in the form:

27wx
=Asin| —
y sm( i )

The value of this function is +A for x = 0, A, 24, 34, ..., etc.
Combining the above with a phase shift which changes with

time we obtain:
y =Asin {27t[x ;vt )} (6.1)

This represents a simple harmonic wave of amplitude A and
wavelength A travelling with speed v from left to right along the
x-axis.

6.2.4 Wave parameters

The time for any particle to complete one oscillation is called
the period T while the number of oscillations per second is called

the frequency f = %1

The wave travels a distance A in a time T so the speed of the

A
:—:A.
wave v f
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The wave equation 6.1 is often written:
y =Asin(kx—wt)

where & = 27/A is called the wave number and w = 27v/A = 2xf
is known as the angular frequency. (It is also the angular speed
of the radius vector in the representative circle in Figure 6.2a).

wavefronts

It is often convenient to picture a wave in terms of wave
fronts, which are the surfaces joining points equally displaced
by the wave at any one time.

6.3 The superposition of waves
6.3.1 The superposition principle

The superposition principle
states that the total displace-
ment of any particle, simulta-
neously disturbed by more
than one wave, is simply the
linear sum of the displace-
ments due to the individual
waves.

When droplets of rain fall
on the surface of a pool, they
create circular surface waves
which expand and overlap
one another. Each wave is
unaffected by the presence of the others, and each independently
displaces particles of water. To get the total displacement of any

Raindrops. Courtesy of
Piotr Pieranski.
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particle, we simply add the displacements due to individual
waves.

6.4 Applying the superposition principle

6.4.1 The superposition of two waves travelling
in the same direction

Two identical sine waves travel in the same direction:

Waves in phase: the individual waves combine to give a
wave with a total amplitude twice that of either wave.

Waves out of phase: the individual waves combine to give a
total amplitude of zero.

6.4.2 Path difference and phase difference

If two sources emit periodic waves in phase, the total amplitude
of the disturbance at any point where the waves overlap
depends on the phase difference between them.

This phase difference depends on how far each wave has
travelled from its source. Waves from the two sources will be in
phase provided that the difference in the length of the path is
zero or some whole number of wavelengths (4, 24, 34, etc.). The



174 Let There Be Light

in phase out of phase
path difference A path difference A/2

Figure 6.5 Path difference and phase difference.

waves will be completely out of phase if the path difference
is one half wavelength or any odd number of half wavelengths

A 34 54
—,—,—, etc. | asillustrated in Figure 6.5.

2”27 2
6.4.3 When two waves travelling in opposite
directions meet

If a transverse pulse is sent down a string tied at one end, it will
be reflected and come back upside down. This is according to
Newton’s third law of motion, which states that action and reac-
tion at the point of reflection are opposite. (The fact that it is
reflected upside down is not particularly important as far as the
argument that follows is concerned; what is more relevant is that
the pulse comes back with the same speed with which it was
sent.) If the support is rigid, very little energy is absorbed and
the amplitude of the pulse will not be significantly diminished.

_—

incoming pulse .
The reflection of

a pulse from a

reflected pulse \ / | rigid boundary.
-

If, instead of a single pulse, a continuous wave is reflected
from a rigid boundary such as a wall, a reflected wave is gener-
ated. We have something which seems hard to imagine — two
equal waves travelling in opposite directions in the same string.
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a) two waves
meet

b) each wave
has moved a
short distance

c¢) each wave
has moved a
distanceA/8,
the waves are
now out of phase

Figure 6.6 Two waves meet and move out of phase.

The incident and reflected waves will be superimposed on one
another, as seen in Figure 6.6. The resultant pattern is shown at
three instants in time and tells the story of two waves meeting.
The story of two waves meeting. The right-travelling wave is
represented by a green line and the left-travelling wave by a red
line. The waves are identical and travel with the same speed in
opposite directions.

Figure 6.6a is a ‘snapshot’ taken at the instant when they
happen to coincide. The resultant wave at that instant (dotted
line) has the same wavelength and twice the amplitude. At the
points where the disturbance due to both waves is zero, the
resultant is of course also zero. These points are indicated by the
dashed lines and are called nodes.
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A short time later, in Figure 6.6b, the waves have each
moved (the green wave to the right and the red wave to the left).
Imagine now that you are sitting at a point in space where there
was a node. As time goes on, the displacement due to one of the
waves will cause you to go up and that due to the other to go
down. For example, at the node, the dashed wave is rising, while
the solid wave is falling. But since the wave profiles are sym-
metrical, the displacements cancel and the resultant remains at
zero. And so, by ‘sitting on the node’ you remain undisturbed!
The nodes remain fixed in space.

Halfway between the nodes, the combined waves will give
rise to the maximum disturbance and the string will oscillate
with an amplitude equal to twice that of the individual waves.
These points are called antinodes.

The argument could be stated even more simply on general
principles: since the waves moving left and right are identical,
there is no preferred direction in which nodes can move, and
therefore they will remain where they are.

Figure 6.6c completes the story. The waves have moved on,
each by a distance of A/8. At this instant the green and red
waves are completely out of phase, and the resultant is zero
everywhere. The distance between successive nodes or succes-
sive antinodes is 1/2.

(The analysis effectively applies only to a string of infinite
length. In practice it will only last until the returning wave is
again reflected, at the other end, and yet another wave enters the
scene.)

6.4.4 A string fixed at both ends

The situation described above is rather unreal, in that we are
ignoring what will happen when the reflected wave reaches the
other end of the string which must be held by somebody, or
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attached to something. When the reflected wave comes back to
that point it will be reflected again and the wave will continue
bouncing back and forth — in principle ad infinitum! Nodes and
antinodes will be set up, this time in different places, and the
vibrations will soon die out.

If the length of string is equal to some multiple of the inter-
node distance, nodes and antinodes set up by the wave reflected
from the far end of the string will be in exactly the same posi-
tions as the nodes and antinodes produced by the original wave
and reflected wave. In these circumstances the waves combine
to give a standing wave.

The particles of the string continue to vibrate in the same
sort of way, but with the one important difference that all the
particles oscillate in phase at the frequency of the wave, as illus-
trated in Figure 6.7. The dots show successive positions of string
particles at equal intervals of time, indicated by the different
shades. Particles situated at antinodes such as A vibrate with
maximal amplitude and those at nodes such as B do not vibrate
at all. The contemporaneous positions of adjacent particles lie
on curves of the same shade. The unique feature of standing
waves is that energy is not transmitted but stored as vibrational
energy of the particles.

A standing wave stores energy in the oscillations of the particles
disturbed by the two waves.

A

|

Figure 6.7 Time sequence of the positions of the particles of a vibrating string.
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(In practice, there is no such a thing as a completely rigid
support and a small amount of energy will ‘escape’ from the
string at each reflection.)

6.4.5 Standing waves

A string of fixed length has a number of normal modes of vibra-
tion corresponding to exact numbers of half wavelengths which
‘fit exactly’ into that length of string. The amplitude of vibration
must be zero at both ends of the string.

SBoo~vouahrwnrk

The normal modes of a vibrating string.

The frequencies of the normal modes are called the natural
frequencies (f,) of the string, and

1]
fn =nvfy =nor

A mathematical treatment can be found in Appendix 6.3.
It does not give any more physical insight, but it does
make a very clear distinction between travelling and standing
waves and allows us to calculate the position of any particle at
any time.
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6.5 Forced oscillations and resonance

We can use an oscillator to produce waves on a string or in other
materials, such as air. If the string or other system has natural
frequencies of vibration, its subsequent behaviour depends on
whether the frequency of the oscillator matches one of these
frequencies.

6.5.1 Forced oscillations

Suppose that an oscillator drives a string to vibrate. The wave
will be directed down the string and reflected at the far end,
which is a node because it is fixed. As the incoming and
reflected waves meet, nodes separated by distances of 1/2 will
be formed. The reflected wave returns to the oscillator end,
which is also a node (assuming the amplitude of the waves
generated by the oscillator to be small). In Figure 6.8 the posi-
tions of nodes created when reflections take place at each of
the ends illustrate the condition for the formation of standing
waves on a string.

If the oscillator frequency is not one of the natural
frequencies of the string, the fixed end at B is not exactly
one or more half wavelengths away from A and the condition
for standing waves is not met. The reflected wave, which
travels back up the string, is out of phase with the waves
pumped in by the oscillator. So, although the oscillator keeps

— waves waves
~—

oscillator

R

nodes nodes

Nodes must match for standing waves to form.

Figure 6.8 Nodes and the condition for standing waves.
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pumping energy into the string, this energy is absorbed mainly
at the ends of the string. The waves themselves are travelling
waves of small amplitude. This type of behaviour can also be
seen in electrical circuits which have characteristic modes
of vibration. The energy is absorbed by the resistance of the
circuit.

6.5.2 Natural frequencies of vibration
and resonance

When someone plucks a stretched string, the disturbance prop-
agates in both directions and is reflected from the ends. The
incident and reflected waves may combine to give a standing
wave at one of the natural frequencies of the string. Now sup-
pose that an oscillator is coupled to one end of the string. If the
oscillator frequency matches one of the natural frequencies,
each new wave from the oscillator reinforces the wave reflected
from the far end of the string. The total amplitude of the wave
is higher than at other frequencies; we refer to this as reso-
nance. The amplitude of vibration is limited by elasticity and by
other constraints on the system.

All flexible mechanical systems which are constrained in
some way, like suspension bridges, guitar strings or the air in
an organ pipe, have natural frequencies at which they will
vibrate if prompted by an impulse.

6.6 Resonance — a part of life

We make use of resonant behaviour in many ways. For example,
resonance chambers are used to amplify sound in acoustic instru-
ments; resonant behaviour of electrical circuits is used in the
transmission and reception of the wireless communications of
radio, television and cellphones; lasers operate on the principle
of resonance.
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Resonant systems can sometimes create situations over which
we have no control. There have been some devastating conse-
quences of uncontrolled resonant oscillations.

6.6.1 The Tacoma Narrows bridge disaster

One of the most spectacular mistakes in the history of
civil engineering was the design of the Tacoma Narrows
bridge, built at a cost of seven million dollars. It was the third-

longest suspension bridge in the
world when it opened and the
supporting towers were sepa-
rated by more than half a mile.

Well in advance of the open-
ing, spectacular motions of the
bridge had earned it the nick-
name of Galloping Gertie. Oscilla-
tions with an amplitude of about
1 metre were a regular feature
and attracted sightseers.

On 7 November 1940, in
steady winds of about 40 mph,
the bridge began to twist vio-
lently and eventually collapsed,
shedding a 183-m-long section
into the valley below. The only
casualty was a dog.

The 1941 report of the inves-
tigating committee attributed
the disaster to some form of res-
onance. It was not a simple case
of forced resonance (such as
when the periodic motion of sol-
diers marching in step over a

Official opening on 1 July 1940.
Courtesy of University of
Washington Libraries.

A violet twisting motion.
Courtesy of University of
Washington Libraries.



182 Let There Be Light

The aftermath.
Courtesy of University of
Washington Libraries.

suspension bridge sets it into
resonant oscillation). The wind
could not have maintained a suf-
ficiently large regular stimulus
for simple resonant oscillation.
There has been a lengthy
debate as to the exact cause of the
collapse, but what is certain is
that a full understanding of what
happened can only be gained
through a rigorous mathematical
analysis of the sequence of events.

6.6.2 The Mexico City earthquake

‘Considerable liquefaction and damage to new buildings occurred
in Mexico City during the Great Earthquake of 19 September
1985. Although the epicentre was more than 300 km away, the

Mexico City earthquake.
Courtesy of George Pararas-
Carayannis.

valley of Mexico experienced
acceleration of up to 17% g,
with peaks concentrated at
2-sec periods. The extreme
damage in Mexico City was
attributed to the monochro-
matic type of seismic wave,
with this predominant period
causing 11 harmonic resonant
oscillations of buildings in
downtown Mexico City. The
ground accelerations were
enhanced within a layer of

30 ft of unconsolidated sediments underneath downtown Mexico
City, which had been the site of a lake in the 15% century, causing
many buildings to collapse.” (Pararas-Carayannis, G. 1985%)

* drgeorgepc.com.
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6.7 Diffraction — waves can bend around corners

All waves can spread around corners — a phenomenon called
diffraction. A classic example of diffraction is where incoming
waves pass between rocks or
other obstacles close to the
shore. The photograph shows a
series of stone breakwaters
along the shore at Kingsmill in
Chesapeake Bay, Virginia. The
breakwaters were constructed
as part of a coastal erosion con-
trol programme in the Bay.
Incoming wave energy is sapped
by frictional effects, refraction
and diffraction. The semicircu-
lar way in which the sea has
eroded the shoreline behind
the breakwaters is remarkably

clear evidence of the effect of Courtesy of Chesapeake Bay
diffraction. Breakwater Database, Shoreline
Studies Program, Virginia
Institute of Marine Science —
www.vims.edu.

6.8 The magic of sine and the simplicity of nature

A question which might spring to mind at this stage is
why we should have chosen the simple sine wave as the
means of describing natural waves which are frequently far
from sinusoidal in

their behaviour. The ‘)
mathematics of a ]
simple sine wave is

relatively easy to

handle, but there is

a much more com-

pelling reason.

What's so special
about a sine wave?

It is the building
block of all periodic}
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Music from an unexpected duet.

A young cellist, apprehensive about giving her very first
performance, decides to practise in a secluded corner of a local
park, early one morning.

The wave form is far from sinusoidal but surprisingly enough,
provided that it is periodic, we can describe it as the sum of a
number of sine waves of different amplitudes and frequencies.

6.8.1 The sum of a number of sine waves

To illustrate how complex wave forms may be produced we can

take the example of a square wave form. We can graphically illus-

trate how adding the amplitudes of sine waves of certain frequen-

cies and amplitudes results in a wave which becomes increasingly
like a square wave.

Sets of 2, 3 and 7 sine

waves are shown in Figure

6.9 together with the wave

‘) B i form which results from
oW abpou e
. cosine? (R adding them. As we add

more sine waves, we can see
that the resultant wave
becomes closer and closer to
a square wave.

That's just a sine
pushed sideways.
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Figure 6.9 The evolution of a square wave.

The frequencies of the component sine waves are all har-
monics of the frequency of the square wave (see Appendix 6.3).
The mathematical method for the decomposition of any har-
monic wave into its component sine waves is called Fourier
analysis.

So the simple sine wave proves to be the basis for the
mathematical description of any periodic wave, even complex
ones such as the sound waves from musical instruments.
The key to the process of describing such waves is in knowing
the relative amplitudes and frequencies of the component
sine waves. This is the essence of the true harmony and sim-
plicity of nature, which becomes more apparent as we learn
what to look for.

A historical interlude: Jean Baptiste Joseph Fourier
(1768-1830)

Jean Baptiste Joseph Fourier was born in Auxerre, a small cathedral
town in the Burgundy region of central France. He was educated at

(Continued)
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a local school run by the music master of
the cathedral and later at the Ecole Royale
Militaire.

Fourier had intended to take the tradi-
tion route into the army after finishing his
studies but his application was refused
because of his low social status. In 1787,
he entered the Benedictine Abbey at St
Benoit sur Loire, but left after two years to
embark on a career in mathematics. He
returned to Auxerre, becoming a teacher at
the school where he had been a student. His intention to make sig-
nificant contributions to mathematics may be seen in this extract
from a letter written to Bonard, a professor of mathematics in
Auxerre: ‘Yesterday was my 21 birthday; at that age Newton and
Pascal had already acquired many claims to immortality.’

In the turbulent years following the French revolution in 1789,
Fourier developed an active interest in politics and joined the local
revolutionary committee in 1793. A political idealist, he wrote: ‘As
the natural ideas of equality developed it was possible to conceive
the sublime hope of establishing among us a free government
exempt from kings and priests and to free from this double yoke the
long-usurped soil of Europe. | readily became enamoured of this
cause, in my opinion the greatest and most beautiful which any
nation has ever undertaken.’

French politics at that time were extremely complex. There
were numerous small groups of ‘liberators’ who fought bitterly
amongst themselves, despite having the same general aims.
‘Citizen’ Fourier was arrested and imprisoned in 1794 because of
his support for victims of terror. At this time, during the ‘Reign of
Terror’ imposed by Robespierre, the interval between imprison-
ment and being guillotined was often very short. Fortunately (for
Fourier), Robespierre himself was guillotined shortly after Fourier
was imprisoned and the political climate changed. Fourier was
freed and went to the Ecole Normale in Paris, where he studied

(Continued)
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under the eminent mathematicians Lagrange, Laplace and
Monge. Fourier was appointed to a teaching post at the newly
established Ecole Polytechnique. He continued his research until
he was arrested and imprisoned once more (for the same
offences), but he was soon released and was back at work before
the end of 1795. Within two years, Fourier succeeded Lagrange as
professor of analysis and mechanics at the Ecole Polytechnique.

In post-revolutionary France, Fourier was no longer debarred
from a military career as he had been in his youth. In 1798, he was
drafted and joined Napoleon’s expeditionary force to Egypt as a
savant (scientific advisor). The campaign began well. The occupation
of Malta in June 1798 was rapidly followed by the fall of Alexandria
and the occupation of the Nile delta some three weeks later.
Napoleon’s fleet was decimated by the English fleet, under the com-
mand of Lord Nelson, at the battle of the Nile and he was cut off from
France by the English fleet. Nevertheless Napoleon proceeded to set
up an administrative structure modelled on the French system.
Fourier was appointed governor of Lower Egypt and was one of the
founders of the Institute d’Egypte in Cairo. He began to develop
ideas on heat, not only in the mathematical sense but also as a
source of healing.

Napoleon left about 30,000 troops stranded in Egypt and
returned secretly to France. Fourier himself returned in 1801 hoping
to continue his work as a professor at the Ecole Polytechnique. He
was not allowed to remain there for long. Napoleon, having noticed
his remarkable administrative abilities in Egypt, appointed him as
prefect of the Departement of Isere, where he was responsible for
the drainage of a huge area of marshland and the partial construc-
tion of a road from Grenoble to Turin.

Whilst in Grenoble, Fourier found the time not only to further his
mathematical studies but also to write a book on Egypt. He was
made a count and appointed prefect of the Rhone shortly before
Napoleon’s final defeat in the Battle of Waterloo in 1815. At that
point, Fourier resigned the title and the position and returned
to Paris, where he had a small pension but no job and a rather

(Continued)
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undesirable political pedigree. One of his former students secured
him an undemanding administrative job. Fourier finalised his most
important mathematical work during this time. His major achieve-
ment was to describe the conduction of heat in terms of a differen-
tial equation (similar to the wave equation) without trying to figure
out what heat actually was. The conclusion of his work was that
these equations could be solved in terms of periodic functions
which themselves could be constructed from simple sinusoidal
functions. Fourier died in 1830 in Paris.

Appendix 6.1 The speed of transverse waves
on a string

We can show that the speed of a transverse wave on a stretched
string depends on the tension and the mass and length of the
string. Take a single pulse which travels along a string at a
constant speed v:

X

When the pulse arrives at a point on the string, a component of
the tension suddenly acts at right angles to the string and dis-
places the string at that point. Owing to ‘bonding’, successive
particles are displaced from their equilibrium positions and the
pulse moves along the string. The faster the response of each
particle, the larger its acceleration, the more rapidly it rises and
falls and the faster the wave progresses. Increasing the tension
increases the wave speed. Increasing the mass (a measure of the
resistance to motion) reduces the wave speed.

Calculating the speed

We look at a very small segment of length 2L around the peak
of the pulse and make a number of approximations.
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Figure 6.10 The peak of the pulse passes along the string.

Let ¢ be the time for the left hand half of the pulse to move
from A to C in Figure 6.10 and let the average transverse speed

of the particles be u.
For small L, arc AB = chord AB.

AC=vut BC=ut and B—C=E=tan6
BD v

For small values of 6
sinf = tan @ = i
v

The force towards the centre of the circle F =T sin6= T_u ,
where T is the tension of the string. v

Tut
Impulse Ft = w mu, the momentum transferred
v

m= T =uL (u is the mass per unit length, a property of
v

the string)
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since £=v = T=w? and v2:z
t u
The speed of a transverse pulse on a string
o=z (6.2)
m .

The speed of the wave depends only on the characteristics of
the string, and not on the frequency of the wave.
There is an equivalent expression for all mechanical waves.

The dimensionless analysis in Appendix 6.2 shows that the
speed of any transverse wave in any medium is related to the
ratio of the appropriate elastic constant divided by a mass-
related constant.

Appendix 6.2 Dimensional analysis

A dimensional analysis will confirm that the form of Equation
(6.2) for the speed of a transverse pulse on a string has the
correct form.

We found that

Dimensions of the left hand side:

LY I?
7
Dimensions of the right hand side:

ML /M _L*
T?/ L T?

confirming that Equation (6.2) has the correct form.
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A dimensional analysis is independent of the type of wave and
the nature of the material, so we can extrapolate and say that the
general expression for the speed of a wave in a material will be

elastic constant

U o<
mass-related constant

Appendix 6.3 Calculation of the natural frequencies
of a string fixed at both ends

We can write the displacement due to a right-travelling
wave as y,=A sin(kx — wt) and due to a left-travelling wave
asy, =A sin(kx + wt). (At all places on the string, there are times
when y, + y, = 0, which justifies using these expressions for
y, and y,.)

Using the superposition principle, y =y, +y,,

y =Al[sin(kx — ot) + sin(kx + wt)]
= y = 2A sin(kx ) cos(wt) (6.3)

{using the trignometric identity

sin(A +B)=2$in(A ;B)cos(A ;Bﬂ.

There is no (kx —wt) term in Equation (6.3), which means
that the wave does not propagate. If we look at the particle at
x = a, for example, the amplitude of its vibration is 2A sin(ka),
which is constant. Each particle performs simple harmonic
motion at the frequency of the waves and all the particles
vibrate in phase.

In simple harmonic motion, the total energy of any particular
oscillating particle is constant — a standing wave stores energy.
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An oscillator attached to one end of a string generates
waves of very small amplitude, so the ‘oscillator’ end of the
string can be taken to be more or less fixed. If the other end of
the string is also fixed, then standing waves can be set up.
Suppose that the oscillator is situated at x = 0 and the other
end of the string at x = L. The displacement will always be zero
atx=0andx =1L,

i.e. y =2A[sin(kL)cos(wt)] =0

This means that sin(kL) =0 and kL =0, n, 27 = nx, where n is
an integer.
By comparing the expression y =A sin(kx — wt) with

2 2L
Equation (6.2), we see that k = TH , giving A= - The value of

the wavelength is fixed solely by the length of the string; it is a
natural wavelength.

2L
The natural wavelengths have a series of values, 4, = o
The corresponding natural frequencies are f, =n ZU_L

The frequency of the first harmonic f; = % (also called the

fundamental frequency). The frequency of the second harmonic
fo

_v

3
7 The frequency of the third harmonic f5 = el and so on.

2L

Since v depends on the material itself [v = \/f for a wave on
u

a string], a vibrating string will not have the same natural

frequencies as a vibrating rod, or indeed a vibrating air column
of the same length.



Chapter 7

Sound Waves

No account of waves and their properties can be complete with-
out the inclusion of a discussion of sound waves. Sounds in the
frequency range of 20-20,000 Hz are associated with human
hearing. Many animals and birds can produce and detect sounds
above and below this frequency range, providing them with a
means of communication and an aid to survival.

The perception of sound follows general biological laws which
relate stimulus to perception. We will look at the relationship
between real and perceived changes and how loudness, pitch and
tone quality relate to measurable properties of sound waves.

Music at an open-air concert sounds very different from the
same music played indoors, where reflections can modify the
sound by distorting the wave form. The design of good auditoria
is both a science and an art.

The apparent change in the frequency of sound due to motion
of the source or the listener — the Doppler effect — provides
useful and sometimes vital information. It is used by some ani-
mals and birds to navigate and locate food. The familiar ‘sonic
boom’ heard when an aircraft moves faster than the local speed
of sound in air is also associated with the Doppler effect.

7.1 Sound and hearing
7.1.1 Sound as a pressure wave

Sound waves in air are longitudinal. They can be produced, for
example, by vibrations of the membrane of a loudspeaker. When

193
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Figure 7.1 Pressure waves travel from source to listener.

a membrane starts to vibrate, it produces to-and-fro motions of
neighbouring air molecules, creating alternate regions of high
pressure (compressions) and low pressure (rarefactions), as
illustrated in Figure 7.1. The compressions and rarefactions are
pushed along according to the principles of propagation of any
mechanical disturbance. High pressure regions are shown as
being more densely populated with dots than low pressure
regions. (The mean pressure is usually atmospheric pressure.)

The amplitudes of vibration of the diaphragm, the air and
the eardrum are all different. In low pressure regions, particles
are more easily displaced than in high pressure regions, so low
pressure means high displacement, and the converse.

Sound waves exert a varying pressure on the eardrum, caus-
ing it to vibrate. The vibrations are communicated to a chamber
called the auditory canal, then transmitted along a series of
small, interlinked bones, and eventually received as nerve
impulses by the brain.

7.1.2 The speed of sound

The velocity of sound varies from one material to another.
Contrary to what one might expect, sound can travel faster in
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Figure 7.2 Measured values of the speed of sound.

liquids and in solids than in gases, because the particles in
solids and liquids are closer together and can respond more rap-
idly. Some measured values may be seen in Figure 7.2. Sound
propagates as a longitudinal wave in gases but can also propa-
gate as a transverse wave in solids because solids resist any
form of shearing stress.

The speed of sound in a given medium is found to be inde-
pendent of its frequency.

7.1.3 Ultrasound and infrasound

Sound waves with frequencies in the range of 20-20,000 Hz
are audible to humans. Frequencies above 20,000 Hz are called
ultrasound. Ultrasonic waves can be produced when a quartz
crystal is subjected to an oscillating electric field and changes
shape, rather like a diaphragm (piezoelectric effect). Many ani-
mals use ultrasonic waves as a means of communication.
Ultrasound is also used extensively in medicine and in industry.
Infrasound is the name given to sound waves with frequencies
below about 20 Hz. They are usually accompanied by low
frequency sound audible to humans. Natural sources include
ocean waves, lightning and large mammals; man-made sources



196 Let There Be Light

include motors, supersonic aircraft and explosions. Infrasound
can cause unpleasant effects such as seasickness and driver
fatigue and can penetrate protective equipment such as ear-
muffs. Infrasonic waves can travel for thousands of miles
through the atmosphere without significant attenuation.

7.2 Sound as a tool

Sound waves are reflected from obstacles. This is used to great
effect in remote sensing, where the location, composition and
motion of an object can be determined from large distances.

Detailed analysis of the intensities and frequencies of
reflected sounds forms the basis for a whole range of imaging
techniques. In most applications the sound is emitted as a series
of pulses. The distance between the source and the reflecting
surface is calculated from the time between the emission of a
pulse of sound and the detection of the echo. The term echola-
tion has been coined to describe the use of echoes to determine
distances. Echolation is routinely used to measure the depth of
water beneath a ship.

We can map the contours of reflecting surfaces by measuring
the times for echoes to return from different parts of the surface.
Echoes vary in intensity, loud for a highly reflecting surface and
soft for a highly absorbing surface, enabling us to determine the
nature of the surface. We can also measure the velocity of a
moving surface from the difference in frequency between emit-
ted and reflected sounds (using the Doppler effect).

Sound navigation and ranging (SONAR)

Sound travels large distances in water. Sound-based underwa-
ter communication systems were used as early as the 19 cen-
tury when lightships equipped with underwater bells acted as
navigation aids. The ringing sound was detected in passing
ships using stethoscopes. These were the forerunners of today’s
passive sonar systems.
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Passive sonar. A listening device which does not radiate
any sound, it may used in studies of marine life and by sub-
marines to minimise the risk of detection. Wartime use of pas-
sive sonar revealed many unexpected sources of underwater
noise, such as the so-called ‘snapping’ of shrimps. There are
numerous sources of noise: man-made (such as ships’ propellers,
engines and seismic drilling), biological (whales and other
marine life) and natural (such as tides and seaquakes). Echoes
from the seabed increase the underwater noise level. Many mod-
ern passive sonar systems have very advanced signal discrimi-
nation and extended receivers help to improve the direction and
range finding.

Active sonar. Most sonar systems are active and gather
information by echolation. The sound is emitted as a narrow
pulsed beam of high intensity, often at ultrasonic frequencies.

The first active sonar system was an ultrasonic submarine
detector developed in 1917 by Paul Langevin (1872-1946). The
ultrasonic waves were emitted and detected by the same device,
called a transducer. The reflected wave was detected using the
inverse piezoelectric effect, whereby the incoming ultrasonic
wave ‘squeezes’ a quartz crystal in the detector, producing an
oscillating electrical signal. It was the first practical application
of the inverse piezoelectric effect.

Current uses of active
sonar are numerous. There
is extensive military use,
such as the detection of
submarines and sea mines,
navigation and acoustic
missiles. Civilian appli-
cations include accurate

underwater surveyin SONAR scanning
. . y ) & T using echolation

marine communication e

and the location of | . # 5 s -

28 -
shoals of fish, sunken air- %&&
craft and shipwrecks. The
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transducer may be fixed to a rotating platform mounted on the
keel of a boat or towed along in a small ‘towfish’, just above the
sea bed (side-scan sonar).

This ‘ghostly’ image of the sunken cruise liner Mikhail
Lermonotov was recorded using side-scan sonar operating at a
frequency of 675 kHz, purchased as part of a research project to
map marine habitats.

Sunken cruise liner. Courtesy of Ken Grange National Institute of Water
and Atmospheric Research, Nelson, New Zealand.

Ultrasound is absorbed more rapidly than audible sound
but has higher resolution and is ideal for searching for small
objects such as mines. Submarine-hunting equipment operates
at lower frequencies (mostly high frequency audible sound and
very low frequency ultrasound).

Ultrasound in nature

Bats use ultrasonic waves to distin-
guish prey from obstacles when in
flight. They can isolate echoes from
general background sound. In a cave
full of bats, a bat can differentiate
between its own signals and those
associated with other bats. The time
resolution of bat sonar apparatus
(about 2 millionths of a second)
and the precision with which bats
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locate and identify prey is the envy of manufacturers of sonar
equipment.

Ultrasound in medicine

Ultrasonic energy is absorbed more rapidly in tissues such as
bone, tendons and tissue boundaries which have a high concen-
tration of a protein called collagen. This forms the basis for diag-
nostic and therapeutic procedures in medicine. Ultrasound does
not produce the toxic side effects associated with ionising radia-
tions such as X-rays.

Low intensity ultrasound as a diagnostic tool

The imaging of tissue and the velocity measurement of fluids
within the body have become invaluable tools in medicine. The
intensity of diagnostic ultrasound is kept as low as possible to
minimise heat absorption. The times of arrival and relative
intensities of the echoes are used to construct a detailed image
of the tissue structure. The level of detail in ultrasonic images
increases with frequency but the level of penetration decreases.
As an example, body tissue absorbs about 50% of the energy of
1 MHz ultrasonic waves in about 4 cm but the same amount of
energy at a frequency of 3 MHz will be
absorbed in 2-2.5 cm. This limits the effi-
ciency of the technique.

Sonography is a pulse-echo imaging
technique which is widely used in medi-
cine. It is almost 50 years since ultrasound
was first used to produce images of a
developing foetus and it is now standard
medical practice. A transducer is placed
on the patient’s skin, close to the area

Foetal image. Courtesy

. . . . of Wessex Fetal
being examined. A coupling gel applied to Medicine Unit,

the skin ensures that about 99.9% of the St Anne’s Hospital,
ultrasonic energy enters the body. The Southhampton.
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ultrasound probe is moved over the abdomen of the patient to
obtain different perspectives of the foetal image.

Doppler ultrasound

Pulsed ultrasonic waves are beamed into the body and are
partially reflected by body tissue and fluids, as illustrated in
Figure 7.3. The frequency of waves reflected from moving blood
particles is different from the frequency of the waves emitted by
the source. The difference between the two frequencies is directly
proportional to the velocity of the blood (see Appendix 7.1 —
Doppler effect). The velocities of blood particles in the aorta, the
carotid artery, the umbilical chord and numerous other blood ves-
sels can be calculated from measurements of this frequency shift.

The velocity of the blood particles depends on the diameter
of the blood vessel and the uniformity of the walls at the point
of measurement. It is possible to measure velocity profiles
and detect abnormal blood flow patterns caused, for example,
by the build-up of fatty deposits on the walls of arteries using
this technique.

ultrasound probe pulsed reflected
waves waves
o— *—>
flow
*—> *o—»

Figure 7.3 Doppler blood flow monitoring.

Heat treatment

As ultrasonic waves pass through the body, tissue expands and
contracts thousands of times each second, producing heat. High-
power, well-focused ultrasound can create temperatures in excess
of 100°C in targeted tissue without damaging surrounding
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tissue, in the same way that a magnifying glass can be used to
focus sunlight and burn holes in paper. Focused ultrasound can
kill cells and is used to treat some forms of cancer.

Shock wave lithotripsy

Shock wave lithotripsy is the non-invasive destruction of kidney
stones using ultrasound. Shock waves generated outside the body
reduce the stones to a harmless powder. To avoid damaging sur-
rounding body tissue, the shock waves are focused on the stone
itself rather than being simply
directed at the kidney. The ultrasound
source S is situated at one focus of
a silvered ellipsoidal reflector and the
patient is positioned so that the kid-
ney stone is at the other focus of the
ellipsoid. Ultrasonic waves reflected
from the silvered surface are focused
on the stone and pulverise it. Waves
not reflected from the silvered surface
simply spread out and become weaker.
The shaded areas in the diagram rep-

- Lithotripter. Courtesy of
resent wavefronts converging on the Mark Quinlan, UCD

kidney stone (only waves travelling to Medical School, Dublin.
the stone are shown).

Acoustic cavitation

A liquid may be boiled by heating it to the appropriate temper-
ature or by lowering the ambient pressure. In either case, the
result is cavitation, the formation of bubbles of vapour within
the liquid. Localised pressure changes, such as those caused by
waves, can cause bubbles to form. Acoustic cavitation occurs
when a liquid is exposed to intense ultrasound, causing bubbles
to form, grow and collapse repeatedly. Energy is absorbed from
the waves as the bubbles grow, and released when they col-
lapse. The collapse or implosion of the bubbles causes localised
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heating. Research indicates that the internal temperature of
almost completely collapsed bubbles may reach 10,000 K. When
low frequency ultrasound bubbles expand and contract, flashes
of blue light may be seen. This phenomenon is called sonolumi-
nescense (from the Greek words for sound and light).

Surface erosion and cleaning

The erosion of ships’ propellers is one of the earliest-known
examples of surface erosion due to acoustic cavitation. The
motion of a propeller creates sound waves and bubbles. Heat
from repeated implosion of the bubbles erodes the surface of the
propeller. Acoustic cavitation is an efficient and non-toxic
method of cleaning. Equipment, immersed in a bath containing
mild detergent, may be irradiated with high intensity ultra-
sound for 5-10 seconds to remove surface grime. It is often pos-
sible to see dirt being lifted from the immersed objects. In
liposuction, another application of cavitation, sound from a
probe inserted into the body attacks and erodes fat cells.

Pest control

a well-equipped ratl There are pest control devices
; ' which emit intense blasts of
ultrasound at frequencies
which totally disrupt the
nervous systems of rodents,
such as rats, but are harm-
less and often inaudible to
humans and other mammals,
such as cats and dogs.

Infrasound in nature

Birds may travel thousands of miles in summer or winter
migrations — a remarkable feat of navigation. One of the best
avian navigators is the pigeon, once used to carry messages.
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The pigeon’s extraordinary homing instinct is the basis for the
popular sport of pigeon racing. Pigeons can fly home in cloudy
and windy condi-
tions and can be
trained to navigate
at night. It is well
known that pigeons
use the earth’s mag-
netic field as a com-
pass, but a sense of
direction is not suf- P d X
ficient to return AURELOND 3 & oot ’*"‘\il
them to their home LS SRR
loft. They need to be - Sy
able to relate their .
position to their v,
destination — the 8t of Concorde. ...
y
need a map. It is )
thought that infra-
sound plays a part .
in this very precise
homing  process.
Infrasonic waves,
generated by natural sources such as seismic activity and ocean
waves, propagate in the air. They are reflected off geographical
features such as steep hillsides and may serve as a navigation
aid for the pigeons. There have been instances where a large
number of birds were inexplicably lost or delayed. In June 1997,
60,000 English pigeons were released in France and about one
third of them failed to return to England. It has been suggested*
that the birds were disoriented after crossing the path of low
frequency shock waves generated by the Concorde supersonic
aircraft.

A
i

*J.T. Hagstrum, The Journal of Experimental Biology, 203: 1103-1111 (2007);
Proc. 63" Annual Meeting of The Institute of Navigation, 2007, Cambridge,
Massachusetts.
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Elephants and infrasound

Elephants live in closely knit family groups sometimes dis-
persed over several kilometres. They frequently engage in coor-
dinated activities, indicating that they have a well-developed
communication system. Their sight is poor and remote commu-
nication takes place by means of sound. Conservation pro-
grammes use these calls to monitor elephant numbers, location
and behaviour.

Most calls have fundamental frequencies in the range of
5-30 Hz, at or very close to the infrasonic frequency band, and
may be transmitted over very large distances. A characteristic
spectrogram of calls from forest elephants is shown in Figure 7.4,
where frequency in Hertz is graphed against time in seconds.
The loudness of the sound is represented by the darkness of the
display.

Figure 7.4 Elephant calls. Courtesy of The Elephant Listening Project —
www.birds.cornell.edu.

Listening for danger

Networks of listening stations, originally set up to monitor
explosions from underground testing of nuclear weapons, are
now important sources of information on potentially disas-
trous events such as hurricanes, earthquakes and meteors.
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In addition to furthering sci-
entific understanding, such
networks have the potential
to become early warning sys-
tems in the event of impend-
ing natural catastrophies.

In 1999, infrared noise from
the explosion of a meteor in
the atmosphere was detected Courtesy of Hans Haak,
by scientists at the Royal Royal Netherlands
Netherlands Meteorological Meteorological Service.
Service.
7.3 Superposition of sound waves
The sounds we hear are usually engine noise n
the result of the superposition i
of a number of sound waves. ‘ o
Superposition of waves can c
result. in amph.flcatlc?n or in mse n
reduction of the intensity of the and inverted noise o
sound. Passive aids, such as ear- ‘ N :
muffs, which reduce background VAN \VI"‘\‘ ; a
sound are inefficient for low fre- ’ I'\," inverted‘\// f
quency noise. Noise cancellation, engine noise 0

i.e. active suppression of noise,
is widely used by airline pilots to

suppress high levels of low frequency engine noise. Small
microphones mounted on a pilot’s headset convert the ambi-
ent noise in the cockpit to an electrical signal, which is
inverted and re-emitted as sound by small speakers. The
noise experienced by the pilot is the sum of the ambient and
inverted noise wave forms and is substantially lower than
the ambient noise in the cockpit. The technique is most effec-
tive against the steady low frequency sounds created by

engines.
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7.3.1 Standing waves
Pipe open at both ends

A column of air in a pipe has natural resonant frequencies, in
much the same way as does a string fixed at both ends. Standing
waves can be set up in a pipe open at one or both ends. At an
open end (or just outside), the air molecules are free to vibrate,
constrained only by the elasticity of the air, so the open ends are
anti-nodes. A closed end is an almost perfectly rigid boundary,
so it must be a node. Figure 7.5 shows the first two harmonics
for a pipe of length L, open at both ends.

The displacement is maximal at both ends of the pipe, so the
basic symmetry is the same as a string fixed at both ends (the
positions of the nodes on a string are the same as the positions
of the anti-nodes in a pipe of the same length). Any whole num-
ber of half wavelengths can be fitted into the pipe.

first harmonic (fundamental):
A=2L,f=v/2L

second harmonic:

A=L, f=vIL

Figure 7.5 Standing waves in a pipe open at both ends.

The natural frequencies of a pipe open at both ends are

fn=% wheren=1,2,3,....

Pipe closed at one end

In Figure 7.6 we see the first and second allowed modes of vibra-
tion in a pipe closed at one end. The situation is not the same as
for the open-ended pipe — the symmetry has been broken
because there is now a node at one end and an anti-node at the
other end.
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first harmonic (fundamental):
A=4L, f= v/l
/ third harmonic:
A= 4L/3,f= 3v/4L

Figure 7.6 Standing waves in a pipe closed at one end.

Figure 7.7 Standing waves in a tube. Courtesy of Stefan Huzler, Trinity
College, Dublin.

Only odd harmonics are found in the sound from a pipe
closed at one end.

Breaking the symmetry removes half the natural frequencies.

The anti-nodes of sound waves in a perspex tube may be
made visible by the presence of equally spaced soap films, as
seen in Figure 7.7. The coloured soap films reveal the positions
of the anti-nodes. The photograph is part of a novel experiment
for the visualisation and measurement of standing waves in a
tube.*

*F. Elias, S. Hutzler and M.S. Ferreria, Visualisation of sound waves using
regularly spaced soap films. Eur. J. Phys. 28: 755-765 (2007).
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t=0s t=0.1s t=0.2s t=03s

wave 1: fl =60 Hz

mean freq: ~
f, +f,=57.5Hz I ~

silence loudest sound silence

beat frequency = 60 Hz - 55 Hz = 5 Hz, the difference between the two frequencies

Figure 7.8 Beats — an example of amplitude modulation.

7.3.2 Beats

When two notes of almost the same frequency are played simul-
taneously, the result is a throbbing note with periodic intervals
of sound and silence called beats. The effect is best demon-
strated with an example, such as in Figure 7.8.

Suppose that waves of 60 Hz and 55 Hz are superimposed.
The 60 Hz wave produces 6 vibrations in 0.1 seconds but the 55 Hz
wave produces only 5.5 vibrations in the same time interval.
If the two waves are in phase at some particular time they will
be completely out of phase 0.1 seconds later. After a further
0.1 seconds they are in phase again, and so on, giving intermit-
tent periods of sound and silence.

If several notes with almost the same frequency are played
simultaneously, the bursts of loud sound are shorter than with
just two notes. In between, there are fainter sounds when only
some of the waves are in phase. When the number of waves is
extremely large, there is only one noticeable burst of sound at a
time when all the waves are in phase. The number of waves in
phase at any other time becomes very small.

7.4 Sound intensity

The intensity of sound is the power (energy per unit time) trans-
mitted through an area of 1 m? perpendicular to the direction in
which the wave is travelling.
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area:LQ

ower direction of
rea energy transfer

—v—>

. P
I ntensity =

If sound from a point source moves at the same speed in all
directions, the wave fronts form a series of expanding spheres.
As the distance from the source increases, the area over which
the energy is spread gets larger and the energy gets ‘diluted’.

Sound waves from a point source

The wave fronts form concentric spheres with intensity

I :Ez 5 "/ ---- I.l :
A Anr f

The total power of the expanding wave . ;
front remains the same, so the intensity - . =~ .
at a distance r, from the source .

P
11: 9
47[7'1

and the intensity at a distance r, from the source

p
12: )
477:7'2

1
The intensity falls off as — , where r is the distance from the
r

source.

When we double our distance from a source of sound, the
intensity falls by a factor of 4.
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7.4.1 Real and perceived differences
in the intensity of sound

Things that do not make sense

Any kind of perception is subjective and cannot be quantified
directly. For example, nurses in hospital often ask patients
to quantify the pain they feel on a scale of one to ten. Answers

this radio is
twice as loud o
this soup tastes .
twice as good
v 4
Y ¥
| love you ten v o9
times more v 9
v
my toothache is _/ G

twice as bad

&

Things that do make sense

vary widely from patient to
patient. Even for the same
patient, the numbers must be
taken purely as an indication.
Suppose that one injection
gives rise to a level 2 pain.
Will two identical injections
given together produce pain
at level 4?

These four statements
attempt to quantify a percep-
tion without defining units.
The numbers are essentially
random, ‘I love you ten times
more’ could be replaced by
‘T love you one hundred times
more’ without changing the
meaning. The tests are not
repeatable.

¢ You have turned up the radio so that I can just hear it.
e Salt has made this soup just about edible.

e I just about prefer Lisa to Jane.

e I think the aspirin is beginning to work.

These statements also quantify changes in perception, but
this time a standard minimal step has been introduced as a unit.
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For example, in the second statement we are comparing the
taste of the soup with and without salt. The test could be
repeated any number of times and the same result would be
obtained. The change in perception is just noticeable. The size of
the minimal step will depend very much on circumstances. A
single candle will light up a dark room but will not be perceived
in the bright midday sun. A cough which would disturb a solo
violin recital would seldom be heard at a rock concert.

7.4.2 Quantifying perception

The concept of the just-noticeable difference was introduced by
Ernst Weber (1795-1878). He set out to describe the relation-
ship, for various human sense organs, between the physical
magnitude of the stimulus and the perceived intensity of sensa-
tion. In one of his first experiments he increased, in very small
steps, the weight held by a blindfolded person, in one hand
and not the other, and recorded the steps of ‘just-noticeable’
difference.

Figure 7.9 illustrates such an experiment. The weightlifter
is training with dumbbells of equal weight on each side. When
the weights are light (top diagram) he notices that a small
extra mass has been added to one side, but when he is lifting
heavier weights (lower diagram) he does not notice the addition
of the same small mass. The Weber—Fechner law deals
with sensation and does not apply when he reaches the phys-
ical limit.

It is the perception
of any sensation that
is important to us
because in the end
we do not respond to
differences in the stim-
uli themselves but to
our perception of those
differences.

It means the
change you perceive
depends on the

original stimulus.
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both weights same  left weight heavier

both weights same  both weights same

Figure 7.9 Equal difference in weight but equal difference in perceived weight.

Weber observed that, for all senses, the smallest detectable
change in sensation AS in a given stimulus is directly propor-
tional to the existing intensity of the stimulus I:

AS=F ATI (k is a constant)

Gustav Theodore Fechner (1801-1887) studied medicine
under Weber. He suggested that the magnitude of a sensation S
could be measured in terms of the number of just-perceptible
steps above threshold required to attain it.

Integrating each side of Weber’s equation,

S= IAS =k JAI—I =klog, I (The Weber—Fechner law)

Sensation is proportional to the logarithm of the stimulus.



Sound Waves 213

7.4.3 Intensity level (loudness)

The term intensity level or loudness is sometimes used as a meas-
ure of the perception of sound. The ear is a remarkable organ,
capable of detecting an enormous
range of sound intensity. The Weber—
Fechner law tells us how we perceive
sounds, how loud they are.

Intensity level can be expressed
in terms of a dimensionless unit
called the decibel (dB). ]

The decibel is named after the y
Scot Alexander Graham Bell
(1847-1922). Bell had a life-long
interest in the education of deaf
people and is generally credited with
the invention of the telephone, which
he patented in 1876. A recent US Alexander Graham Bell,
Congress resolution has however Cou.rtesy of An .POSt’

) . . Irish Post Office.
drawn attention to the contribution
made by an Italian-American inventor, Antonio Meucci, who had
demonstrated a rudimentary communications link in 1860,
which had been described in New York’s Italian language press.

Unable to afford a formal patent application for his ‘teletro-
fono’, Meucci filed a renewable one-year notice of an impending
patent on 28" December 1871, but was not in a position to pay the
$10 needed to maintain the caveat after 1874, and the patent was
granted to Bell. Meucci took legal action and in January 1887, the
US government initiated proceedings to annul the patent issued
to Bell. The case was remanded for trial by the Supreme Court but
the legal action terminated with the death of Meucci in 1889.

The role played by Meucci was formally recognized by the
US Congress on 11" June 2002.

Resolved: ‘That it is the sense of the House of Representa-
tives that the life and achievements of Antonio Meucci should be
recognized and that his work in the invention of the telephone
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should be acknowledged.” Thomas Jefferson Papers, US library
of Congress.

Calculating intensity levels

Applying the Weber—Fechner law we can write:

Intensity level =10 logy, IL dB
0

The minimum intensity audible to the human ear, I, is about
102 Wm™, and corresponds to 0 dB.

An intensity 10 times as large corresponds to 10 dB, 100
times as large to 20 dB, and so on.

sensation S

AS

AS

Iy stimulus |
Figure 7.10 Sensation and stimulus.

In Figure 7.10, a graphical representation of the Weber—
Fechner law, sensation S is plotted against stimulus I and AS
represents a just-noticeable increase in sensation. The figure
shows that as the stimulus increases it takes a much larger
change in stimulus to produce a just-noticeable increase in
sensation.

The ‘threshold of hearing’ corresponds to an intensity level
of 0 dB and the ‘threshold of pain’ corresponds to an intensity
level of 120 dB. Prolonged exposure to intensity levels in excess
of 100 dB can permanently damage hearing, and at around 150 dB
the eardrum may rupture.



Sound Waves 215

Il ict takeoff 150 dB, | =10% 1,

I, = 10™ watts/m”
Il live rock music 120 dB, | = 10" 1, ¢
[l motorcycle 100 dB, | =10% 1,
[] average factory  80dB, | =10°1,
[_] background music 60 dB, | = 10° Il
[] library 40dB, 1 =10"1, H
[] rustiing leaves ~ 20dB, 1=10°1, |[ | ﬂ

Decibel levels of some commonly encountered sounds

Example — crying babies

Two crying babies will produce double the intensity of sound of
one baby, but will they be ‘twice as loud’? How about three
babies?

1 baby L,=101logI,dB

2 babies L,=101logI,=10log 21, =10 log I, + 10 log 2
=L, +3.01dB

3 babies L,=L +10log3=L,+4.77dB

Making the reasonable estimate that the loudness of one baby is
equivalent to the average background noise of about 80 dB in a
factory, twins will only increase this to 83 dB and triplets to
approximately 84.8 dB.

crying babies

WMoy, ///\\I//

one baby two babies three babies
intensity I, intensity 1, intensity |,

7.4.4 The ‘annoyance factor’

Loudness is not the only factor that affects our tolerance of
sound waves.



216 Let There Be Light

Which do you find more annoying?

(a) 58 dB for 5 seconds or 55 dB for 5 hours?

(b) 58 dB at 3 pm or 55 dB at 3 am?

(c) Someone scraping their fingernails over a blackboard at 55 dB?
(d) Handel’s Water Music at 58 dB?

The amount of annoyance created by a noise should not
be measured simply in terms of decibels. Nobody can tell us
that we are not annoyed by some sound simply because the
decibel reading indicates
that we should not be
annoyed. This is very
relevant, because laws
governing the level of
noise may well be based
only on the decibel level
of the sound and not our
perception.

Has anyone
quantified the
annoyance

7.5 Other sensations
7.5.1 Pitch

The pitch of a sound is our perception of its frequency. It
depends, to some extent, on the intensity and harmonic content
of the sound. Pitch increases with increasing frequency. A ‘pure’
tone is a sine wave and has a definite pitch. The vast majority
of sounds are combinations of different tones and do not give
a single value of pitch. Complex tones produced by musical
instruments give the sensation of a single pitch, related to the
frequency of the fundamental.

Pythagoras did the earliest acoustical experiments. A wood-
cut, dated 1492, in the Theorica Musice in Naples, shows him
establishing the relationship between mathematical frequency
ratios and harmonious musical sounds.

A musical interval is the difference in pitch between pairs
of tones. It is related to the ratio of the frequencies of the tones
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and not to the frequencies themselves (for example, the interval
between tones of 200 Hz and 400 Hz is the same as between
tones of 2000 Hz and 4000 Hz). Harmonious tones have inter-
vals with small integer ratios such as 2:1 or 3:2 and form
the basis of all music. Pairs of tones with equal intervals sound
similar when played together. For example, a pair of tones
at 440 Hz and 660 Hz sounds similar to a pair at 330 Hz and
495 Hz (both intervals are 3:2).

2:1 (octave) 3:2 (fifth)

Frequency ratios 2:1 and 3:2.

The most important interval is the octave. If notes an octave
apart are played simultaneously, the difference in their tones is
barely noticeable. A musical scale is a set of tones which are
used to make music. The octave is normally the interval of rep-
etition. (In the diatonic major scale do-re-mi-fa-sol-la-ti-do’, the
interval between do and do” is one octave). The ear recognizes
notes in a scale as being related to one another

Ancient Irish pipes

A set of six prehistoric pipes was

discovered in 2004, during =
archaeological work on a Bronze
Age site in County Wicklow, on
the east coast of Ireland. The
site was being surveyed to com-
ply with planning regulations,
prior to the construction of a

X . . Ancient Pipes.
residential development. Six Courtesy of Margaret Gowan & Co.

pipes made from yew wood were www.mglarc.com.
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found at the bottom of a wood-lined trough, and radiocarbon
dating has established that a wooden peg used in the construc-
tion of the lining dates back to somewhere between 2120 BC and
2085 BC. The pipes are not perforated but there is evidence to
suggest that they originally formed a set. The photograph shows
the pipes, together with a marker graduated in centimetres.

7.5.2 Tone quality

Each musical instrument has its own characteristic tone.
Individual notes of exactly the same pitch sound different if
played on different instruments, and we say the notes have a
different tone quality. Terms like ‘throaty’, ‘mellow’ and ‘full-
bodied’ are used to describe tone quality. We can often identify
someone we know from the tone quality of their voice.

The tone quality of a sound depends on the shape of the
wave form. The simplest wave form, a sine wave, is called a pure
tone. All other periodic wave forms (com-
plex tones) can be expressed as the sum of

smoothed waveforms . K R
of musical instruments | @ Sine wave and some of its harmonics, as

we saw in Chapter 6. The number and the
M/ relative intensities of the harmonics deter-
\ mine the shape of the wave form. In terms

clarinet of tone quality, we say that complex tones
are combinations of pure tones. The ability
{\\ to make distinctions between different
tones is more enhanced in some people
flute than in others.

7.5.3 Propagation of sound in open
and confined spaces

Perfect reproduction of sound in an open space

In open spaces, the sound waves travel directly from the source
to the listener, who hears an almost perfect reproduction of the
sound, as illustrated in Figure 7.11. The loudness of the sound
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Loudness

4 open space
— words spoken

by speaker

..-. sound received
....... by listener

] Time

Figure 7.11 Comparison of words ‘spoken’ and ‘heard’ in an open space.

depends on the separation of the musi- n
cian and the listener (except when the n

two are close together). As the listener
moves away from the source, the loud-
ness decreases.

In confined spaces, reflection from
the surroundings can cause considerable
distortion of the sound. A well-known
example is the echoing of sound in a
large cave. The echo from any one indi-
vidual word reverberates in the cave
and a whole string of words may result
in a completely garbled sound.

When we listen to instruments and voices in rooms, halls
and other auditoria, we are bombarded by ‘surround’ sound from
all directions due to multiple reflections from walls, ceilings,
floors and other surfaces. Figure 7.12 illustrates how individual

a!

Loudness

A -
confined space — words spoken

; by speaker

% ---- sound received
by listener

]_"—| “Time

Figure 7.12 Comparison of words ‘spoken’ and ‘heard’ in a confined space.
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words may be distorted; the sound is louder in an enclosed space
and does not fade as quickly as in the open.

The level and type of reflection depend on the nature of the
reflecting surface. The law of reflection (angle of incidence =
angle of reflection)
holds only for smooth
surfaces; rough sur-
faces reflect sound at
all angles. The level of
sound which reaches a
listener in an audito-
rium depends on the
nature and distribu-
tion of sound-absorbing surfaces. We can identify three different
parameters — the time to reach a more or less steady level of
loudness, the value of this loudness, and the time for the sound
to become inaudible.

‘surround’

The decay of sound is called reverberation and is a very
important parameter. The reverberant sound from one note (or
word) can often be heard when the next one is produced. We
quantify reverberation by defining reverberation time as the
time taken for the loudness to decrease by 60 dB. Figure 7.13
shows a time sequence of the amplitude of a string of words for
two different values of the reverberation time (the left hand
image was recorded at the lower value).

Figure 7.13 Increasing the level of reverberation scrambles speech. Courtesy
of James Ellis, School of Physics, UCD.
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7.6 Strings and pipes in music
String instruments

Stretched strings may be made to vibrate at characteristic fre-
quencies. The surface area of a vibrating string is too small to
compress the surrounding air effectively and string instruments
use sound boards to amplify the vibrations.

Instruments which have strings mounted paralled to the
soundboard and a body which resonates are generally known as
lutes. The earliest lutes were long-necked and made from mate-
rials such as hide and turtle. There is evidence for the existence
of lutes in Egypt and Mesopotamia (modern Iran) as early as
about 2,500 BC. The European lute was modelled on the classi-
cal Arab instrument, Aloud (meaning a wooden stick), a short-
necked instrument with a body of lightweight wood. The
Europeans modified the Arabic design by introducing frets
(metal strips embedded in the neck of the instrument).

The earliest surviving classical (six-string) guitars were
made in Naples towards the end of the eighteenth century. The
body shape of the modern guitar was largely standardized by
the Spanish guitarist and guitar maker Antonino de Torres
(1817-1892) in Seville in the mid to late nineteenth century.

The acoustic guitar does not use any external means
of amplification. Vibrations produced by plucking the strings
are transmitted to the
body of the guitar, which
resonates at the fre-
quency of the vibrating
string. Sound generated
in the chamber is pro-
jected into the air
through the sound hole.
Strings are stretched
from the bridge to the top
of the neck. The vibrat-
ing lengths of a string Acoustic guitar. Courtesy of Massimo Giuliani.
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may be shortened by pressing it against the frets to produce
sounds of different pitch.

The modern form of the violin dates from the mid sixteenth
century. These early violins were made in northern Italy, By
1600, the centre of violin making was Cremona, where Nicolo
Amamti (1596-1684) and Antonio Stradivari (1644-1737)
worked. It is remarkable that violins made centuries ago are
now cherished for their beautiful sound. Violinmakers such as
Stradivari, knowing only practical physics and acoutics, were
able to produce instruments so desirable that they are highly
prized. The Stradivarius violin known as ‘The Hammer’ sold at
public auction in 2006 for more the $3.5M.

Wind instruments

A column of air, like a stretched string, can be made to vibrate
at a series of frequencies whose values depend on the length of
the column and on whether it is open at one or both ends (see
‘standing waves’).

Woodwind instruments such as the clarinet and the flute
have a long, thin column of air with a series of tone holes. The
pitch is changed by opening or closing the holes. The lowest
(fundamental) note is produced when all the holes are closed.

The clarinet is a reed instrument. Standing waves are
excited by vibrations of the reed. The mouthpiece is closed dur-
ing play and even harmonics are strongly suppressed, as would
be expected for a column of air closed at one end. The flute, on
the other hand, is open at both ends. Standing waves are excited
when air is blown across the open mouthpiece. Adjacent odd and
even harmonics are fairly equally represented.

7.7 The Doppler effect

Sound from the siren of a vehicle rushing to the scene of an
emergency may appear to have a higher frequency as the vehi-
cle approaches the scene and a lower frequency as it leaves the
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scene. This apparent change in the frequency of sound, which
can be due to motion of the source or the observer, is called the
Doppler effect.

The Doppler effect is named after the
Austrian physicist Christian Johann
Doppler (1803-1853), who developed
formulae to express the change in fre-
quency as a function of the change in
velocity. These were verified, only three
years later, in 1845 by a Dutch meteorol-
ogist, Christoph Heinrich 